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Abstract

In this paper, we prove Slodkowski version of the infinite-dimensional spectral mapping
theorem and Cartan—Slodkowski version of the finite-dimensional spectral mapping theorem for
nilpotent operator Lie subalgebras with respect to the various noncommutative functional calculi.
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1. Introduction

By spectral mapping theorem we mean inclusions like f (¢ (a)) € o (f (a)) (forward)
or f(o(a)) 2 o(f (a)) (backward), where a = (ay, ..., a,) is a n-tuple of bounded
linear operators on a complex Banach space, ¢ is a joint spectrum (o (a) is a subset in
C"), and f = (f1,..., fn) is a m-tuple of (noncommutative) functions in n-variables,
which by reasonable way acts on the operator family a (in this case f (a) is a m-tuple
of operators on the same Banach space) and on ¢ (a) simultaneously. If the equality

f(o(@) =0a(f(a) (1.1)
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holds for a certain class of operators a and functions f then we say that ¢ possesses
the full (forward and backward) spectral mapping property on that class. It is well
known [12, Section 2.6] that the Taylor spectrum ¢ and Slodkowski spectra 6k, 05 k.
k € Z,, possess such property on the class of mutually commuting operators a and
holomorphic functions f defined on an open neighborhood of the Taylor spectrum oy (a).
The conventional proof scheme of the equality like (1.1) for some class of operators
a and functions f can be divided into the following steps. The first step is to establish
the Projection Property

a1 (0 (@) =0 (a’),

where a’ = (a1, ...,a,—1) and m,_ : C" — C" 1 is the projection map onto the first
n—1 coordinates. The second step is the inclusion ¢ (a, f (@) € {(4, f (4): A€ C"},
which using the Projection Property automatically involves the equality

o(a, f(a) ={(4 f(D):Lea(a)}.

Finally, using these facts we prove the equality (1.1) itself by the following way

o(f(@)=mu(o(a f@)={f(D:2€a(@}=f(0(a),

where m, : C"™ — C™ is the projection map onto the last m coordinates. The
key moment in this framework is the Projection Property that we have applied to the
operator family (a, f (a)). No doubt on such possibility if a is a commutative family
and f is a family of holomorphic functions, in this case (a, f (a)) is just another
(n + m)-tuple of commutative operator family. But this idea cannot be used directly
for noncommutative operator families and functions in noncommuting variables. For
instance, that fails to be true on the class of operators generating a finite-dimensional
nilpotent Lie subalgebra and polynomials generating a finite-dimensional Lie subalgebra
in the universal enveloping algebra. Indeed, take an operator family

a=(ay,az,a3), la,a2l=a3, la;,a3]1=0, i=1,2,

generating a Heisenberg algebra, where [x, y] = xy — yx is the Lie multiplication. If
f(a) = ajaz is a polynomial then (a, f (a)) generates an infinite-dimensional Lie
subalgebra (see [6, Example 7.7]).

Nonetheless, in this case the full spectral mapping property is valid for the Tay-
lor spectrum [13] and for Slodkowski spectra [4]. We say in this case that a finite-
dimensional spectral mapping theorem with respect to polynomials is valid on the
class of nilpotent operator Lie subalgebras. Thus in a noncommutative case a (finite)
family of functions (even polynomials) f may generate an infinite-dimensional Lie sub-
algebra despite finite-dimensionality of the nilpotent Lie subalgebra g generated by
a. This phenomena is crucial to distinguish noncommutative case from commutative
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one, thereby we are in need of a new method to investigate noncommutative spectral
mapping theorems. Some ideas for the particular cases were suggested in [13,9,6]. The
finite-dimensional spectral (the Slodkowski version) mapping theorem with respect to
the noncommutative holomorphic functional calculus on absolutely convex domains was
proved in [9] on the class of nilpotent operator Lie subalgebras. The Taylor version
of the full spectral mapping property suggested in [13] was extended to a family of
noncommutative rational functions f generating an infinite-dimensional quasinilpotent
Banach-Lie (shortly, B-L) subalgebra [6]. It is an infinite-dimensional generalization
of the noncommutative spectral mapping theorem that we refer as infinite-dimensional
spectral mapping theorem. Moreover, the approach suggested in [6] allows to establish
some inclusions for the Slodkowski spectra, too. Nevertheless, the full spectral mapping
property remained open. Undoubtedly, the proofs of these spectral mapping theorems
for each particular case have some common and distinct features. It is reasonable to ask
how to prove the spectral mapping theorem with respect to a general noncommutative
functional calculi? Our question is also motivated by the latest achievements on the
noncommutative functional calculus for the class of nilpotent operator Lie subalgebras
(see [8,10,19]).

In this paper, we apply a general framework of spectral mapping properties pro-
posed in [11] to prove the Slodkowski version of the infinite-dimensional spectral
mapping theorem from [6] for more general noncommutative functions than rational
ones, so called splitting over Banach g-module elements (see Section 4.2). Roughly
speaking, splitting over Banach g-module elements of a dominating (function) algebra
are those functions in noncommuting variables having trivial actions on cohomologies
of the Koszul complex of the Banach g-module. It is a new phenomena (previously
did not observe in papers [9,6]) which allows to extend spectral mapping properties
to noncommutative functions f which are not rational ones. For example, all holo-
morphic functions defined on an open neighborhood of the Taylor spectrum o (a) of
a mutually commuting operator family a are splitting elements. The latter presented
in Taylor’s investigations implicitly (see [23, Corollary 4.7, 12, Proposition 2.5.9]).
Further, one proves (see Section 6) that many algebras of noncommutative functions
previously considered in [9,6] consists of splitting elements. We also generalize the
finite-dimensional spectral mapping theorem provided the operator family f (a) gener-
ates a finite-dimensional solvable Lie subalgebra and f consists of splitting elements.
Herein the key moment plays the Cartan—Slodkowski spectra of operator solvable Lie
subalgebras to surpass the obstacle caused by the problem when we do not know
whether or not a finite-dimensional Lie subalgebra of the (closed) associative envelope
of g is automatically nilpotent one, meanwhile it is known (see below Lemmas 3, 16)
that it is always a solvable Lie subalgebra.

It is worth to note that our approach generalizes the (classical) scheme mentioned
above replacing o (a, f (a)) with the spectrum of a certain parametrized Banach space
bicomplex connecting a and f (a). We also suggest a modification of the method
proposed in [6], which is motivated by the spectral mapping framework [11]. Such
modification allows us to overcome the obstacle for the Slodkowski version of the full
infinite-dimensional spectral mapping property investigated in [6]. For convenience, we
repeat necessary definitions and arguments from [9,6] in Section 3.
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Finally, we apply the suggested scheme to various noncommutative functional calculi
and obtain relevant spectral mapping theorems in Section 6. In particular, one follows
the main results on spectral mapping from [13,9,6].

2. Preliminaries

All linear spaces considered are complex. The linearly ordered set Z of integers
adjoined with the greatest (resp., least) element {oo} (resp., {—oo}) is denoted by Z
(resp., Z), N is the set of all positive integers and Zy = {0} UN. Let 5(X,Y) be
a (semi)normed space of all bounded linear operators between (semi)normed spaces
X and Y furnished with the operator (semi)norm and let B(X) = B(X, X). If A is
a normed associative algebra then the spectrum (resp., spectral radius) in A4 of an
element a € A is denoted by sp 4 (a) (resp., p (a)). For A = B(X) and T € B(X),
we write sp (T') instead of sp 4 (T). If T € B(X,Y) then T* € B(Y*, X*) denotes the
dual operator between (norm) dual spaces Y* and X*. The unit ball of a (semi)normed
space X is denoted by X(1). Let BS be the category of all Banach spaces and bounded
morphisms. Its subcategory comprising all left Banach modules over a Banach algebra
A is denoted by A-mod. We use the conventional denotation X ®Y for the projective
tensor product of X,Y € BS and we write X®" instead of n-fold projective tensor
product of X on itself. The direct sum X @ Y is endowed with the sum-norm. One
defines the functors B (Y, ?), B(2,Y) and ?®Y on BS with values in itself. Let S be
an infinite set and let ! be a nontrivial (that is, () meu M = ) ultrafilter in S. The
ultrafilter U is said to be countably incomplete [16] if there exists a countable partition
{S, : n € N} of S such that S, ¢ i, n € N. In the sequel, by an ultrafilter we mean a
nontrivial countably incomplete ultrafilter. The ultrapower of a Banach space X (resp.,
Banach space operator T) with respect to an ultrafilter 2l is denoted by Xy (resp., Tyy).
Note that the space X is embedded into Xy as a closed subspace and Ty extends T
preserving its norm, that is, ||7Ty(|| = ||7’||. The assignment X — Xy, T +— Ty defines
a functor 7y : BS — BS.

Now let A be a Banach algebra, S € A, ||S|| = sup{|la]l : a € S} and let S" be a
subset in A of all n-times products aj - - -ay, a; € S. If S is bounded then the number
o (§) = lim, ||S"||1/ " is called the joint spectral radius of S [21]. Note that the limit

exists and it equals to inf{||S"||1/" in € N}. In particular, p (a) = p ({a}) for each
a e A

The Banach algebra of all continuous complex functions on a compact space K
furnished with the sup-norm is denoted by C (K).

2.1. Banach space (bi)complexes

A chain Banach space complex is defined as a pair (X, D), where X = {X,, : n € Z}
are objects and D = {d, : n € Z} are morphisms of BS, such that d,_1d, = 0 for all
n. We also write (X, D) as a sequence:

dn—1 dy
= X X, S Xy —



450 A. Dosiev/Journal of Functional Analysis 230 (2006) 446—493

A cochain Banach space complex is defined as a sequence - - - — X"~ dn—>l X" i’; xnt+l
— .. of objects and morphisms of BS such that d"d"~' = 0 for all n. The cat-
egory of all (co)chain complexes in BS is denoted by BS (resp., BS). In partic-
ular, A-mod (resp., A-mod) denotes a subcategory in BS (resp., BS) of all chain
(resp., cochain) left Banach .4-module complexes. The quotient (seminormed) spaces
H, (X,0) = ker (dy—1) /im (dy) (resp., H" (X,b) = ker (d") /im (d"~')), n € Z, are
called groups of (co)homologies of the complex (X, Dd). The complex (X, D) is said
to be exact if all (co)homologies are trivial. If X, = {0} (resp., X" = {0}) for all
n, n < 0, then we say that (X,D) is a nonnegative complex. Note that each chain

complex (¥, D) makes into a cochain one (i, 5) by setting X' = X_, and d' = d_,,
n € Z. Similarly, a cochain complex (X, d) makes into a chain one (i, Q). That defines

a functor BS — BS (resp., BS — BS) called the conjugate functor. Let (¥,d) € BS
and let (X*,d*) be its dual complex:

dn*l dl
..._)5( ]_)X_>X 1_).

By its very definition, (f* D*) =B((%,b),C) € BS. A well known [18, item 7.6.13]
the Sequence Prime Principle asserts that (X, D) is exact iff so is its dual complex
(x*,0%),

The following simple assertion will be used later.

Lemma 1. Let (X,D) be an exact cochain complex of seminormed spaces and let
0 = {0, :n € Z} be a morphism of complexes acting from (X,D) into itself. If the
operators O,_1 € B(X"’l) and 0,41 € B (X”H) are nilpotent for some n, then so is
the operator o6, € B(X™).

Proof. Assume that (5,—1)° = 0 and (5n+1)t — 0. Take x € X". Then d" (5,)' x =
(5n+l)t d"x = 0. But H" (X, D) = {0}, therefore (5n)tx — dn—ly for some y € xn—1 1t
follows that (3,)"™" x = (9,)" @" "'y =d"~" (9p—1)" x = 0, that is, (5,)""" =0. O

Let X € BS and let A"X be its nth exterior power (see [6]). We set C" (X,Y) =
B(A"X,Y), Y € BS. The latter is a Banach space of all continuous skew-symmetric
n-linear forms on X with values in Y. Let ¥ € BS and (X,d) € BS. The functor
B(Y,?) : BS — BS transforms the complex (X, D) into a new complex B (Y, (X, d)):

B,
- B(Y, anl)/(n—]B(KXn)(ﬁLB(Y’ Xnp1) < -+,

where 8, (T)=d,-T, T € B(Y, X,). A Banach space cochain complex B ((X,0),Y)
is analogously defined. A Banach space Y is said to be projective (resp., injective) if
the complex B (Y, (X,D)) (resp., B((X,Dd),Y)) is exact for each exact Banach space
complex (X, D). A Banach space Y is said to be flar if its dual space Y* is injective.
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The class of all projective (resp., flat) Banach spaces is denoted by Proj (resp., Flat).
The following assertion was proved in [11].

Lemma 2. Let Y € BS, n € N. Then N\'Y € Proj (resp., N'Y € Flat) whenever
Y € Proj (resp., Y € Flat).

A Banach space bicomplex is a triple (X, b, dv) with X = {X"™" : n,m € Z} being
underline Banach spaces, b = {d,n,m eB (X"’m, X”’m+1)} the column differentials, and

the row differentials o = {d;" € B (X™™, X"*1m)} such that the following diagram

N Xn—H.,m

dn.m
T t
dn,m
"
xnm N Xn,m—i—l

t t
is commutative, and all columns (%"m , b,"m) and all rows (%"", bff") are Banach
space complexes, where ¥*” = {Xx*m} ¥"* = {X"k} and D™ = {d,k’m}, bt =

drkl By analogy, it is defined other versions of bicomplexes. For us, of interest will

be the “double-cochain™ (proposed above) and also “double-chain” versions of a bi-
complex, and we briefly say chain (resp., cochain) bicomplex instead of “double-chain”

(resp., “double-cochain”). One can easily check that d;"" (ker (d,',’ m)) C ker (d,’f +Lm )
and d"" (im (d,rf ’m_]>> Cim (d,',’ +1’m_1), therefore the quotient operator

DM HT (ae b) Ny (36"“*, bt?“"), DM (x™) =d"" ()",

is well defined. Moreover, the sequence
D/Vl."l
e B () s (R )
is a complex called mth vertical cohomology complex of the bicomplex. By analogy,
one defines nth horizontal cohomology complex

s H" (35’" b,‘*’") g (35'"”“, b,”’”“) e

of the bicomplex. We say that a bicomplex (X, d,dr) is bounded below if one can
find N € Z such that X" = {0} whenever n < N or m < N. The space X"V is
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called the initial space of the bicomplex. If N = 0 then we say that (X, d,dr) is a
nonnegative bicomplex with the initial space X0,

Let (¥,b, ) be a bounded below Banach space bicomplex, X" = @, ,_, X" €
BS a sum of (bounded) diagonals of the bicomplex. One defines a Banach space com-

plex - — X" O xntl ., where §" (x) = d** (x) + (=1)* d* (x) whenever

x € X%, k+s=n, neZ The latter is called the fotal complex of (X,d,dr) and it
is denoted by Tot (X, dr, dr).

2.2. Slodkowski spectra

Let Q be a topological space and let X = {X, :n € Z} be a family of Banach
spaces. Assume that there exists a family of continuous maps d = {d, : n € Z}, dy :
Q — B(X,+1, Xn), such that (X,d (1)) is a chain Banach space complex --- <«—

dp—1(7) dy (2) X
Xy—1 <— X, < Xp41 <— -+, for each 1 € Q, where d (1) = {d, (1)}. The collec-

tion of Banach space complexes (X,Dd (1)), A € Q, is called (see [11]) a parametrized
chain Banach space complex or chain Q-Banach complex and it is denoted by (X, D).
If (X, d (1)) is a cochain complex for each 4 € Q, then (X, D) is said to be a cochain Q-
Banach complex. By reasonable way it is defined a morphism of Q-Banach complexes.
Using the functors B (Y, ?), B(?,Y), ?@Y, and 7y, one may associate new (-Banach
complexes from the original Q-Banach complex (¥, D). In particular, B ((X,d),C) =
(%*, b*) = {(%* d (}L)*) = Q} is the dual parametrized complex.

A parametrized (co)chain Banach space bicomplex is defined as a certain bicom-
plex (%, D/, b”> such that all its rows (fn,., DZ’.) are Q-Banach complexes, columns

(%.,m, h;m> are A-Banach complexes, and (3€, b 1), D (,u)) is a Banach space bi-
complex for all 1 € Q and p € A. In this case we say that (36, b/, b//> is a Qx A-Banach

bicomplex.
Now let (X, D) be a (co)chain parametrized Banach space complex,

L, (X,0) ={1€Q: H, (X, (1) # {0},

and X" (X,d) = {1 € Q: H" (X,d(4)) # {0}} if (X, D) is a cochain complex, n € Z.
Further, let

o5 (X,0) = [ Tk (¥,0)

k<n

and let o7, (X, D) be the set of those A € Q such that A € Uk}n 2k (X, D) or the image
of the operator d,,—1 (4) is not closed. By analogy, we set

LRE RV D EN )

k>n
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and ¢™" (X,D) is a set of those 4 € Q such that 1 € ngn >k (%, b) or the image
of the operator d" (1) is not closed, whenever (X, D) is a cochain complex. Note that

o®" (X,0) = 05, (X.D) and oy, (X, D) = ™" (E, S), nelz

Definition 1. The set-valued functions o5,, oz, (resp., (75'”, o™™), n € Z, defined
on the class of all parametrized (co)chain Banach space complexes are called the
Slodkowski spectra. The set

0L (X,0) = 05,06 (X,0) = 0700 (X,0) = | J T, (X, D)

neZ

(resp., g (X,D) = a™>® (X,Dd) = %% (X, D) = U,ez " (X, d) for the cochain com-
plex (X,D)) is called the Taylor spectrum of (X,Dd). We set S = S5 U S, (resp.,

S = & UG, where S5 = {o50:n€Z}, S = {ogn:nelZ) (resp., S =

{65’” ‘n EZ}, St = {0”’” ‘ne Z})

Further, ¢ € © denotes one of the Slodkowski spectra if the latter will not specially
be indicated. Let (X, D) be a Q-Banach complex. Using the Sequence Prime Principle,
we obtain (see [22]) that

™" (X5, 0%) =05, (X,D), 05, (X5,0") =d™" (X,D). (2.1

Moreover, if (X,D) is a chain Q-Banach complex then ¢ (X%, ") = g7,0 (X, D), and
Omn (%* b*) = ¢%" (X, ) whenever (X, D) is a cochain complex (see [11]).

Theorem 1 (Dosiev [11]). Let (X,Dd) be a (co)chain Q-Banach complex and let Y €
BS.

(@) Then o (X,d) C a(B(Y, (X,D))) and a(X,d) C G((%, D) @Y) for all 0 € C.
Moreover, these inclusion become equalities whenever Y € Proj and Y € Flat,
respectively.

(b) If W is an ultrafilter then or , (X3, Dyy) = Uy >n 2k (Xar, Dyy) for all o7, € Sy
Moreover, g (X,D) = o (Xy, Dy) for all 6 € C.

Now let us remind a cochain version of the spectral mapping properties for n-type
Slodkowski spectra (see Definition 1) proposed in [11].

Let (X,Dd) and (‘D,S) be a nonnegative cochain parametrized Banach space com-
plexes such that both complexes have the same first term X = X° = Y0 and let Q and A

be their space of parameters, respectively. We say that these complexes are m-spectrally
connected if there exists a nonnegative cochain Q x A-Banach bicomplex (3, v, b”)

such (30b0> — (& D),(B"O,D,"O) - (@6) and ¢ (3%°.00°) C o (X,D),
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1% (3”" b,"m) Co (‘DS) for all 0 € @", and 5, m € N. Thus (3,d (1), d (n)) is a

nonnegative Banach space bicomplex with the initial space X for each (4, u) € Q x A.
Their total complexes Tot (3, d (4), O (), (4, u) € Q x A, define Q x A-Banach
complex Tot (3, b/, D7) and let o (3, D/, d7) denotes a Slodkowski spectrum of the latter
complex.

Definition 2. Let (X, d) and (‘D E) be m-spectrally connected complexes parametrized

on a topological spaces Q and A, respectively, and let (3, D/, D) be a Q x A-bicomplex
connecting these complexes. By spectral mapping with respect to (3, d, Dv) we mean
a continuous map f : Q — A such that

(a) all vertical cohomology complexes

n,m

0 H™ (X,0() = - — H’"(S"", e (/1)) /—y)H’"<3"+1", prtle (A)) e

of the bicomplex (3, d (1), dr (n)) are exact whenever p # f (1);
(b) D>™ (f (%)) = 0 whenever the cohomology space H™ (¥, (%)) is Hausdorff.
If only the second condition (b) is satisfied then we say that f is a prespectral

mapping.

Note that the first condition (a) of Definition 2, means that all terms "EJ"™ (4, p),
m,n € Z, of the first spectral sequence associated by the bicomplex (3, d (1), dr (w))
(see [15, Ch. 1, item 4.8]) are vanishing whenever u # f (A).

The following forward and backward spectral mapping properties of spectrally con-
nected complexes were proved in [11].

Theorem 2. Let (X,Dd) and (‘1)5) be a cochain complexes parametrized on Q and
A, respectively, and let W be an ultrafilter. If (¥, D)) and (2)5) are m-spectrally

connected and f : Q — A is a prespectral mapping then
fe@ ) ca(.3)

for all ¢ € G,

Theorem 3. Ler (X, D) and <‘D, 5) be m-spectrally connected Banach space complexes
parametrized on Q and A, respectively, f : Q — A a spectral mapping with respect
to a Q x A-bicomplex (3, d,dr) connecting (X, D) and (‘D,B), and let ¢ € G". If

o (9),5) =TI\ (0(3, D, D)) then
o(9.3) < 0@ ),

where TIp : Q x A — A is the canonical projection.
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2.3. Full subalgebras

Let A be a unital associative algebra. A subalgebra B C A is said to be a full (or
inverse closed) subalgebra [2, Ch.1, Section 1.4], if any invertible in A element of B
is invertible in B. Thus sp 4 (b) = spg (b) for all b € B. One easily check that the
full subalgebras are stable under taking arbitrary intersections, so it makes sense to
define the full subalgebra R (M) in A generated by a subset M C A. The elements
of the subalgebra R (M) can be interpreted as a set of values of all formal “rational
functions” with the set M of variables in the algebra A (see [26, 5, Section 2]). Namely,
let S be a set with a mapping = : S — A into the algebra A and let M = im (7).
One can define the “rational functions” with the set S of variables and their actions in
A as a collection of formal expressions from Rs = (J,cz, RS » With the canonical
mapping 7 : Rs.x — A, T(f (S)) = f (M), extending =, Wthh is inductively defined
by the following way. Let ’Rg’n be the free algebra (of all polynomials) generated by

the set S, and let R® (M) = {f M) : f(S) e RO } be the values of all polynomials

in the algebra A following 7. If the collection R" and their images R"~! (M) have
been defined, then the expressions from R is deﬁned as the free algebra (of all
polynomials) generated by R’g nl and all formal expressions f~!(S), f(S) € RS R
for which f (M) is invertible in A. We set 7 (f ! (S)) My = f (M)~ ! Thus
R(M) = UneL R*(M). If f(S) e R’g,n then we say that f (S) has an order n. Note
also that if ¢ : A — B is a unital algebra homomorphism and E is the image of the
family M by means of ¢, that is, E = ¢ (M), then Rsx € Rs,e.n, and e (f (M)) =
f(E) for f(S) € Rs.z. The following useful lemma was proved by Turovskii [25].

Lemma 3. Let B be a Banach algebra and let g be its finite-dimensional nilpotent
Lie subalgebra such that the full subalgebra R (g) C B generated by g is dense in B.
Then B is commutative modulo its Jacobson radical Rad B.

The following simple assertions will be used in Sections 3, 4.

Lemma 4. Let S be a set and let m: S — A, ¢: S — B be mappings into algebras
A and B, respectively. If Rs.x € Rs,c and sp 4 (f (n(S))) = spg (f (c(S))) for all
f () € RS,m then RS,TL’ = 'R,S,g.

Proof. We proceed by induction on the order of rational functions taken from Rg .
It is beyond a doubt RO - Rs.z. Take f(S) € R < By definition, f (S) = p (®)

is a (free) polynomial taken by a set ® = {g, (S), gKI(S) 21 (8). gk (S) € R _ 1}.

By induction hypothesis, | J;_ Rk < < RS z. Therefore, one suffices to assume that

£ (S)=g"1(S) for some g (S) € R . Then g (S) € Rs. and g (c(S)) is invertible
in B. With sp 4 (g (n(S))) = spz (g (g (S))) in mind, infer that g (n (S)) is invertible
in A, too. The latter in turn implies that g~! (S) € Rs.z, that is, f(S) € Rs.z. O



456 A. Dosiev/Journal of Functional Analysis 230 (2006) 446—493

Now let S and W be sets with a surjective map 7: S — W and let ¢ : W — A
be a mapping into an algebra A. One define maps C: Ry, — A and T: Rsr — A
extending ¢ and 7, respectively, where © = ¢ - 1.

Lemma 5. There exists a unique mapping T : Rs.x — Rw. extending t such that
T-T=T7.

Proof. We proceed by induction on the order of rational functions. Note that T extend
uniquely up to an algebra homomorphism ° : R(S).n — R%, L (S) = f(W).
Evidently, T-* = 7.

By induction hypothesis, one uniquely defines a map t"*~! : R’g_nl — R"fv_ ;1 such that

Tt =7 Take f7!(S) € R,z such that f(S) € R% . By definition, f (n(S)) is
invertible in A. But, f (7 (S)) =7 (f(S)) =C"" ' (f (S)) whence g~ (W) € Riy. o
where g (W) = "1 (£ (S)). We set " (f~1(S)) =g~ (W). Then T(¢" (1 (5))) =
A( “taw)) = :(g(W))—1 = 7(f ()" = 7(f71(S)). One defines a mapping

D RS U RSH — Riy..» where RS,[ = [f NOBAIOK: R'g_nl} The latter
is uniquely extended up to an algebra homomorphism 7" : R’é’ = ’R’;Vﬁ;. Obviously,
T-t=7. O

3. The complexes induced by a B-L algebra representation

To apply the spectral mapping framework (Section 2.2) to a spectral theory of B-L
(Banach-Lie) algebra representations, we consider parametrized Banach space com-
plexes induced by a B-L algebra representation and some technical machinery to op-
erate with them, that is the aim of this section.

3.1. Banach modules over B—L algebras

A normed Lie algebra (resp., B-L algebra) E is a normed (resp., Banach) space and a
Lie algebra with its jointly continuous Lie brackets [-,]: Ex E — E, (a, b) — [a, b].
We say that a B-L algebra E is a quasinilpotent B-L algebra generated by S C E
if the Lie subalgebra generated by S is dense in E and all operators ad (a) € B (E),
ad (a)b = [a, b] (a € E), of the adjoint representation are quasinilpotent (see [6]).

A Banach module over a B-L algebra E (shortly, a Banach E-module) is a Banach
space X with a bounded Lie representation « : E — B(X). To indicate the Lie
representation, we briefly say that the pair (X, ) is a E-module. A functional 1 € E*
is said to be a character of E, if A ([E, E]) = 0. The space of all characters (furnished
with the x-weak topology) of a B-L algebra E is denoted by A (E) (S E*). The module
dual to X is defined as the pair (X*, «*), where o* : E? — B(X*), o* (a) = o (a)*
is the dual Lie representation, E°P is the opposite Lie algebra. A Banach E-module
(X, o) generates the following chain Banach space complex:

= dy— P~ d,,
Co(): 0 X xgEd .2 xg A E &
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with the differential

n+l1
dyx ® a = Z (_l)i+1 % (ai)x ®a; + Z (—1)i+j71 x® [ai, aj] NG i
i=1 i<j

where a = aj A -+ Aayq1 € A"TLE, a; (resp., a; ;) is obtained from a throwing out
of ith vector a; (resp., a; and a;). If dim (E£) < oo then the latter complex is known
as the Koszul complex of E-module X. The module (X, «) generates also the cochain
complex

0 1 n—1 n
w0 xSetE xS S onE xS

with the differential

n+1
d"o(a) =Y (D 2@ o@)+ Y D o([a.a]rg,).
i=1 i<j

where w € C" (E, X) = B(A"E, X). The parametrized on A (E) (co)chain Banach
space complex C, (o — 4) (resp., C® (o« — 1)), 4 € A(E), is denoted by C, (o) (resp.,
C® (x)). We write C () to indicate one of these complexes (chain or cochain). Their
spectra ¢ (C (), 0 € S, are called the Slodkowski spectra (resp., Taylor spectrum) of
the E-module X or the Lie representation o and we denote them by o («), ¢ € S. Since
Co (o — 2)* = C* (¢* — }) to within an isomorphism in BS, it follows using (2.1) that

" (@) = onn (@), ™" () =05, @), nelZs. 3.1

Now, let il be an ultrafilter, X € BS and let Xj; be the ultrapower of X. The Lie
representation oy : E — B (Xyp), oy (@) = a(a)yy, is called an ultrapower of o. Thus
(Xyr, o) is a Banach E-module. The following notion was introduced in [6].
Definition 3. Let (X, «) be a Banach E-module and ¢ € &. We define ultraspectrum
oy (o) (resp., a” («)) of the module (X, ), or the Lie representation o, as the union of
spectra ¢ (oyy) taken over all countably incomplete ultrafilters 2I.

Note that (see [6, Lemma 5.4]) if dim (E) < oo then
C(y=C(uy) and o, () =0a(x) (resp., " (x) = g () (3.2)

for all o € C.
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3.2. The Lie representation 0

Now let E be a B-L algebra and let I be its closed ideal. Then its exterior power
A"I makes into a Banach E-module due to the representation

n

Tur:E—B(A'T), Tura) () =) (=)' (ad (@ u) A,

i=1
where u = uj A--- Au,. The latter extends the adjoint representation of E. If (X, a) is

a Banach E-module, then the space C” (I, X) furnishes a Banach E-module structure
by the Lie representation

0n,1 E— B (Cn , X)) , On,l (a) = Loc(a) - RT,,J(a)a

where L) (resp., Ry, () is the left (resp., right) multiplication operator. We set
T, =T, g and 0, = 0, g. Note that (see [3, Ch. 1]),

d"0, (@) = 0,11 (a)d", (3.3)
d" iy (@) +ing1 (@ d" =0, (@), (3.4)
On—1 (@) in (b) — in (b) 0, (@) = iy (a, b]) 3.5)

where d" is the differential of the complex C*® («) and i, (a) : C" (E, X) — C*' (E,
X), (in (@) )b = @ (a A D), is so called a homotopy operator. Respectively, XQ A" E
is a E-module by the representation ¥, : E — B (X@ A" E), (@) =a@R1+1Q
T, (a), and formulae similar (3.3), (3.4) and (3.5) are also valid for the chain complex
C. (a)'

Proposition 1. Let 1, : (X@ A" E)* — B(A"E, X*) be the canonical isomorphism in
BS given by the rule 1, (f) (g) (x) = f(x ®g), x € X,u € A"E. Then 0),(a) 1, =
12Uy (@)*, where 0, : E? — B(C" (E, X*)), 0, (@) = Loy+@) — Ryov ), is the Lie
representation induced by the dual representation o : E°P — B (X™).

Proof. Let T,” : E°’ — B(A"E) be the extension of the adjoint representation of
E°P. One easily check that T;;” (a) = —T, (a), a € E. Then

Ryor gyt (f) () (0) = =12 () (T (@) ) (¥) = —f (x @ Ty, (@) )
== (1T @) () (x@u)
=—1, (1 ® T (@) () () x),
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that is, —=Ryor(in =1, 1 ® T,y (a))*. Further,

Los@ytn (f) () (1) = o (@) (1a () () (¥) = 1 (f) () (@ (@) x) = f (2 (@) x @ u)
=@@®D* (/) (x®u) =1, (@@ DH* () (1) ),

that is, Lyrq)ln (f) = 1n ((oc (a) ® )* (f)). It follows that
0, @ tn = (Lot = Rygriy) tn = 10 (2@ @ D" + (1 @ Ty (@)") = 1, @)"

that is, 0), (a) 1, = 1,9, (@)*. O

Note that all 1, are isomorphisms and (X QA" E )* = X*® (A"E)* whenever dim(E)
< 00, and in this case, the dual representation ¥* : E? — B ((X@ A E)*), 9 (a) =
Y (a)* (here ¥ (a) = ), Y, (a)), is reduced (to within an isomorphism) to the Lie
representation 0 : E%? — B(B(AE, X*)), 0 (a) =, 0, (a), by Proposition 1.
Corollary 1. Let E be a finite-dimensional nilpotent Lie algebra and let (X, o) be a Ba-
nach E-module. The dual representation 0 : E? — B (B(AE, X)*), 0% (a) = 0 (a)*,
is reduced (to within an isomorphism) to the representation 0 : E°’? — B (B(AE, X*)),
0 (a) = Loy — Rror(a)-

Proof. Let n = dim (E). At first, note that AKE* = (/\kE)* and the map 7y :
X @ ANFE* — B(/\kE,X), e (x ® f) (g) = f(g)x, f € AKE*, u € AKE, is an
isomorphism in BS. Moreover, 0y (a) 7, = 7 (oc @1 —-1QT; (a)*). Now let rg) :
AFE* — A" KE be an isomorphism depending on the choice of some fixed w € A"E
(see [1, Ch.1, Section 11]). Taking into account that £ is a nilpotent Lie algebra, we
conclude rg) Ti (a)* = —T,_i (a) rg) by virtue of Corollary 1 from [1, Ch. 1, Section

11]. It follows that

(1X ® z@) (1@ ®1—1® T (@)*) = (2(a)® 1 + 18 T,_4 () (1x ® rﬁ)) :

Thus the linear map ¢ = ), (l x ® rg)) yk_l implements a topological isomorphism
e:B(ANE,X)—> XQANE

such that €0 (a) = ¥ (a)e for all a € E, that is, & = ¥ to within an isomorphism.
Using Proposition 1, we infer that 0* = ¢¥* = 0’ to within an isomorphism. [J

Now let E be a finite-dimensional Lie algebra, G a subspace in E such that [E, G] =
{0} (in particular, G is a Lie ideal), W a complemented to G subspace in E and let
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P € B(E) be a projection onto G along W. For brevity, we write (up to the end
of this section) G, and Ej; instead of ASG and AFE, respectively. Fix n € N and
let us introduce the following subspaces Gs A Ei (resp., Gs A W A Er_1) in E,,
s +k = n, generated by vectors u Av (resp., u Aw Av), where u = uj A--- ANug € Gy,
V=V A---Av; € E (resp., w € W, v € Ex_1). Note that all subspaces G3 A Ej
are E-submodules in E,, that is, they are invariant under all operators T, (a), a € E.
Indeed, T, (a) (u A v) = u A T (@) v, thus, T, (a) |Gs A Ex = 1g, A Tx (a). Moreover,
one can easily verify that

GsNEr=Gs 1 NE—1 ® Gs AW A Ej—1,

therefore the operator 7, (a) |Gy A E; has a triangular operator matrix with respect to
this decomposition. To find that, we introduce the following operators A, € B (W, G),
A, = Pad(a)|w, and B, € B(W), B, = (1 — P)ad (a) |w, where a € E. We also set
Ays =1, NAgAlg,_, and B, = 1, A B4 A 1g,_,. Then

Th(@uAwAY)=uANAwAV+uABwAv+urAwA T (@v
whenever u Aw Av e Gy AW A Ep_1. It follows that

16, ATi—1 (@) Aq
T E. = s+1 73
n(@)|Gs N Eg (0 Lgaw A Tx—1 (a) + Bg

Now let F = E/G be the quotient Lie algebra and let 7 : E — F be the quotient map.
Bearing in mind that the exterior power AF of the space F is a (grading) F-module
by the Lie representation T : F — B(AF) extending the adjoint representation, we
conclude that it makes into a E-module via pull back along the Lie homomorphism 7.
The exterior power At : AE — AF of 7 is a (grading) E-module morphism, because of
AT-T, (a) = T, (t (a))-A1 for all a € E. In particular, all spaces G;® Fy (Fy = /\kF) are
turning into E-modules by means of the Lie representations 1Q Tyt : E — B (G ® Fy),
(1@ Tit)a =1, ® Ty (1 (a)).

Lemma 6. The sequence 0 < G5 ® Fy, <rv—k Gy AN Eg < Gsi1 NEr—1 < 0 is an exact
sequence of E-modules, where 1 is the embedding and ts j (g/\y) =u® At (y)

Proof. One needs (see [13, Proposition 2.5]) only to prove that 7, is a E-module
morphism. For the latter, one suffices to prove that (le ® Trt (a)) C Tk = Tsk
(1(;3 A Ty (a)) for all a € E, which verifies immediately. [

Now let X € BS and let « : E — B(X) be a Lie representation of a finite-
dimensional Lie algebra £ on X. As we noted above the Banach space B (AE, X)
makes into a (grading) E-module by means of the representation 6. Undoubtedly, all
spaces B (Gs A Eg, X) are E-submodules in B(E,, X), where G is defined as above
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and n = s + k. Moreover,
B(Gy NE, X) =B(Gyp1 AE—1, X) @B(Gs AW A E—1,X) (3.6)

and the operator 0 (a) (@ € E) has the following matrix form with respect to this
decomposition

_ 1Gs+1 AN 9k—1 (a) 0
On (a) |B(Gs N Eg, X) = <_RAu 1Gs/\W AOk_1 (a) — R§a s 3.7

where 1., A Ok-1(a) = Lu@ — Rig , aTici@ and lgaw A Ok—1(a) = Lo@) —
Rig, \wATi_1(a)- Let us introduce the following operators

_ 1(;SJrl AN Qk—l (a) O _ 0 0
Dot = (0 Lgoaw Aoy @ — Ry, )Nk @={ g o |-

It is clear that 0, (a)|B(Gs A Ex, X) = Dy (a) — Nsix (a), a € E. Moreover, the
correspondence Dy i : E — B (B (G A E, X)), a — Dk (a), is a Lie representation.

Indeed, taking into account that [IGS/\W AO_1 (b), RE(,] =0, a,b € E, one suffices
to prove that [B,, Bp] = Bya,p) for all a, b € E. The latter verifies immediately:

[Ba, Byl (w) = (1 = P) (la, (1 = P) [b, w]] = [b, (1 — P) [a, w]])
=1 =P)(a,[b,wl] = [b,[a, w]]) = (1 = P)[la, b], w]
= Ba,p) ()
(we used here that [E, G] = {0}). Note also that Ny 4 (a) Ny 4 (b) =0, a,b € E.

Lemma 7. Let & be a Lie subalgebra B (GsAEy,X) generated by operators Ny x (a),
Ds (D), a,b € E. If E is a nilpotent Lie algebra then so is E; k.

Proof. Let us assume that ECTD = {0}, where E® is the kth member of the lower
central series of E, r+ € N. Note that (1 — P) ([a,b]) € E® + G for all a,b € E.
Then [(1 — P) ([a,b]).cl € [E® + G,E] € [E®,E] = EY, c € E. It follows that
im (AyBp, -+ By,) € P (E™*?), whence Ay By, -+ By,_, =0foralla,by,...,b_; €
E. But, the direct computations show that

(Dot o) 0 (Do 00) (Vs @) = () =0,
a,ny,..., t—1

where C (a, by, ..., bi—1) = (—1)’_1 lg, NAgBp, -+ - Bp,_, A 1g,_,. It remains to note
that Dy is a Lie representation and operators Ny (a) generate a commutative Lie
ideal. [J
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Proposition 2. Let E be a finite-dimensional nilpotent Lie algebra, G C E a subspace
such that [E, G] = {0}, (X, a) a Banach E-module and let Ay be a closed full subalge-
bra in B(B(AE, X)) generated by the Lie subalgebra 0 (E). Then all B(Ggs A Eg, X)
are Ay-invariant subspaces in B (AE, X).

Proof. We proceed by induction on s. Obviously, the assertion is true for s = 0. As-
sume that B (G, A E, X) is invariant under Ay and let By g = Ay|B (G, A Ex, X).
Let us prove that so is the subspace B (Ggs4+1 A Ex—1, X). The Lie subalgebra & <
B(B(Ggs A Ek, X)) generated by operators N (a), Dsx (b), a,b € E, is nilpotent by
virtue of Lemma 7. By Lemma 3, the closure By of the full subalgebra R(Ss,k) c
B (B(Gs A Eg, X)) generated by & i is commutative modulo its Jacobson radical
RadBs. Then Ny (a) € RadBy, a € E. Since 0(E) |B (G A Ex, X) C &k, it follows
that B; 9 € B;. Moreover, Rg p,, S R g (see Section 2.3) by virtue of (3.7) (a
triangular operator matrix with invertible diagonal entries is invertible itself), thereupon
r(@(E)) —r (Ds,k (E)) € RadBjy for all r (E) € R p,,. Taking into account that
B is a full subalgebra, we conclude that sp (r (Dsx (E))) = spp, (r (Dsx (E))) =
spg, (r (0(E)) = sp(r(0(E))), r(E) € Rg,p,,. Using Lemma 4, we infer that
RE.p;, = Rgyp and r(0(E)) has a lower triangular operator matrix with respect
to the decomposition (3.6) for all rational functions r (E) € Rg g due to (3.7). Thus
B g (B(Gyq1 AN Er—1, X)) € B(Gyq1 A Eg—1, X), that is, B(Ggy1 A Ex—1, X) is in-
variant under the subalgebra Ay. O

Now let again F = E/G, [E, G] = {0}, X a Banach F-module with a Lie representa-
tion f: F— B(X) and let o : E — B(X), a = -1, where t: E — F is the quotient
map. The spaces B(AF, X) and B(AE, X) are turning into modules over F and E,
respectively by the 0 type representations. To distinct their denotations we write 05 and
0, for them, respectively. Consider the cochain complex C* (x) generated by o. One can
easily verify that d*B (G5 A Ex, X) € B(Gg A Exy1, X) (G C ker (o)), where d¥ is the
differential of the complex C* («), whence all C¢ (x) = {B(GS A Ex, X), d* k Z+}
are subcomplexes of the cochain complex C*® (). Moreover, as follows from the above
reasoning and (3.3), C¢ () is a complex of E-modules by the representation 0. Let
us also introduce a cochain complex B (G, C®(f)) as the result of action of the
functor B (Gy, ?) subjected to the cochain complex C*® () generated by f. The latter
is a complex of F-modules by the left regular representation taken by 0p. Therefore
B (Gs, C* (f)) is a complex of E-modules along the Lie homomorphism 7.

Lemma 8. The following sequences

X X
0 — B(Gy, B(Fi, X)) =5 B(Gy A Ex, X) —> B (Gys1 A Ex_1, X) = 0
are exact sequences of E-modules, which for each s € Z associate an exact sequence
L] I—g( L] lX L]
0— B(Gy,C*(B)) —> Cs () — Cy () > 0

of E-module complexes, where ri{kw =w- Ts ks Xo=w- 1
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Proof. The exactness of all these complexes follows from Lemma 6. It is beyond a
doubt, 1¥ is a morphism of E-modules, even Ayp,-modules (see Proposition 2). Demon-
strate that tfk is a E-module morphism. Take w € B(Gy, B(Fy, X)), a € E, u Av €
G A Eg. Then
Tﬁfk (Leﬁr(a)w) UNV=Lgyriay® (tsx (wAv)) = Logr(ay@ (Z ® Aft (E))

= (0 @) W) (A1 ()

=@ () (A7 () — o @) (L@@ A ()

=@ o () (A () - o @) (AT @ ()

=a(@) o (tsx (uAv)) = 0 (Tk (A Tk (@) v))

=0, (@) 1) (@) u A v,

that is, Tf,kLG,;r(a) =0y (a) rifk. The rest is clear. [

Remark 1. Note that the grading powers of the complex morphisms rf and X from
Lemma 8 are equal 0 and —1, respectively.

Now let H/g = H'(C*(B)), H, = H' (C* (%)), Hl = H' (C? (2)), i,s € Z, be the
cohomologies.

Lemma 9. Let n = dim (E), m = dim (F). Then Ho’; = {0} for all i, n — k<i<n, iff
H/’), = {0} for all i, m — k<i<m, where k € 7.

Proof. By Lemma 8, we have exact sequence

0— B(GS,C' (ﬁ)) iC; (oc)l—X>Cs'+] () = 0

of complexes, for each s € Z,. Taking into account Remark 1, let us write the induced
long exact sequence of cohomologies:

0 B(Go, HY) = H — 0= = HIZ — B(Gy, HY) — HI > HIL =

—>B<GS,H[§">—>HS’"—>HS”_’;11—>0—>HS’”+1—>H’ﬁ_1—>0—>~-~. (3.8)

s
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It follows that HS’"“ = HS’TT"_I, 0<s<n—m,i € N. The complex (3.8) for s =n—m
has the following form:

n—m n— n—m n—m+l

O—>H§—>HO —>O—>~-~—>H"*’2n+1—>H["g—>H" — HI7!

m m m—1 m+1 m
_>Hﬁ - H', — anerl —-0—H, ", — H' . —-0—- .-

With Gu—p+1 = {0} in mind, infer that H,_, = 0 and Hj = H,_,,

definition, H; = H(’; and from (3.8) for s = 0, we obtain that the following exact
complex

i € Z+. By

O—>Hg—>H3—>O—>-~-—>Hf_2—>Hé—>H;—>Hf_l—>~--

—>Hl’3”—>H;”—>H1m_1—>O—> H;”+1—>H1’"—>0—>~~.

Now assume that Hé = {0} for all i, m — k<i<m. For fixed i, n — k<i<n, from

the latter sequence we deduce that HO’; = Hli -1 By the same reasoning, from (3.8) for
s = 1, we deduce that H{ "' = Hi™? and so on. Then H) = H.Z!""" = H[‘;"er = {0}
m—k<i—n+m). _ '

Conversely, assume that H(’) = H) = {0}, n — k<i<n. We have to prove that
H[;”_i = {0}, 0<i <k. We proceed by induction on k. If k =0 then H}' = H)' ,, =

Hf_tnl_l = ... = Hy = {0}, whence H[’g” = {0).
Now let k£ > 0. By induction hypothesis, Hl’g’l_’ = {0}, 0<i<k — 1. Using the
exactness (3.8) again, we infer that H]" = Hs"rll, Hm = H;’_GZ, L HMR

Hs’f’flk for all s. Fix t, 1<t<n —m. For s =t — 1, we deduce that H,m_k = H;’:Hl,

for s =1t—2, Ht”:kH = HI’SHZ etc. We conclude that H,m_k = H/" . In particular,
HI' % = gk = g But H” HM o= HYE = HPR = o),

p n—m—k* n—m—k—1 =

that is, Hg"—k ={0}). O

m—k —

Proposition 3. Let E be a finite-dimensional nilpotent Lie algebra, t: E — F a Lie
epimorphism, and let (X, §) be a F-module. Then o (f-7) = 0o (f) -7 for all 6 € C.

Proof. At first, note that spectra o5, and gk (resp., orx and o™k) coincide on the
class of nilpotent Lie algebra representations due to [13, Proposition 3.1]. Moreover,
one suffices to prove the assertion only for spectra ¢ = ook e &9, Indeed, if the
assertion has been proved for all ¢ € €° then, by using (3.1), we conclude that

KBy =ank (B0 ="K ((B-0)) =% (B* 1) = a®F (B*) -t = Grs (B) - T
=d"*(p) 1.
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Now assume that ¢ = 6%, Take ueao(f-t) and u € E such that 7 (u) = 0. By the
Projection Property [13] (see also below Proposition 9), u(u) € sp (B (t (u))) = {0},
whence the functional 4 € A (F), A-t =y, is defined correctly. Moreover, -7 — yu =
(B —2)-t. If [G, E] = {0}, where G = ker (), then 4 € ¢ (f§) and vice-verse, by virtue
of Lemma 9.

Now assume that [G, E] # {0}. We use the argument from the proof of [13, Propo-
sition 2.6]. Let us introduce Lie ideals Go = G, Gy = [E, Gk—1], k>1. Since E is a
nilpotent Lie algebra, it follows that G4 = {0} for some s. Moreover, the epimorphism
T splits into the product 7113 - - - 7541, Where 7; : E/G; — E/G;_1 is the quotient map
(E/Go = F). But ker(r;) = G;j—1/G; and [E/G;,ker (z;)] = {0} for all i. Then
cHr=cPBPrun- i =cBr) T4 = = o (PBrir--T541) = o (fo),
that is, o (f) 1 = o (fr). O

4. The algebras dominating over a g-module

In this section, we introduce a formal model of a noncommutative functional calculus
for a nilpotent Lie algebra g and prove the relevant spectral mapping theorem. The
central role plays splitting over a Banach g-module X elements motivating holomorphic
functions in noncommuting variables from g acting on X.

Everywhere below g denotes a finite-dimensional nilpotent Lie algebra, U/ (g) is
the universal enveloping algebra of g, and (X, o) is a Banach g-module. Let A be
a topological algebra. By a normed Lie subalgebra in A we mean a Lie subalgebra
& € A furnished with a certain norm |-|| such that (&, ||-||) is a normed Lie algebra
and the identity embedding & <> A is continuous. For instance, if A is a Banach
algebra then a normed Lie algebra (&, ||-||) is a normed Lie subalgebra in A whenever
& < Aand ||l > |-l 4- The space of all continuous characters on A furnished with
the x-weak topology is denoted by Spec (A).

4.1. Properties of the dominating algebras

The following definition generalizes the dominated Banach algebras proposed in [6,
Section 7].

Definition 4. Let Ay be a Hausdorff locally convex algebra with a fixed Lie algebra
homomorphism 7 : g — Ag. We say that 4y dominates over the module (X o) and
write Ag > (X, o), if there exists a contmuoue algebra homomorphlsm 0 Ag —
B (B (Ag, X)) such that 07 = 0 and 0 (im (7)) is dense in H(Aq) where T : Rgn —
Ay is the extension of the map 7 (see Section 2.3). The elements from the subalgebra
im (7)(= R (im (n))) are called rational functions in Ay acting on X.

Example 1. If Ay is the universal enveloping algebra I/ (g) furnished with the finest
locally convex topology and = is the canonical embedding g — U (g), then Aq > (X, o)
for each g-module X.
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Example 2. With respect to each g-module (X, x) one defines a dominating over
that module Banach algebra Ay as the closure of the full subalgebra R (0(g)) C
B (B(Ag, X)) generated by the Lie subalgebra 0 (g), and the representation 0 stands
itself instead of a Lie homomorphism 7 : g — Ay. Undoubtedly, Ay > (X, «).

Other examples will be considered later in Section 6 (see also [6]).

Lemma 10. If Ay > (X, o) then Agp > (X*, o), where A;p is the opposite to Aq
algebra. Moreover, Ag > (Xy , oqy ) for an ultrafilter .

Proof. By Corollary 1, the dual (to ) representation 6* : g% — B (B (Ag, X)*) is
reduced (to within an isomorphism) to the representation 0’ : g — B (B (Ag, X*)),
0' (@) = Lux(a) — Rror(a), extended the dual representation o*. Then 0 na) =0 (a) to
within an isomorphism for all a € g, where 0" : Ay — B(B(ng, X)*), 0" (@) =0 (a)*,
is the dual (to 5) representation. The latter means that Ag” > (X*, o) by Definition

4. The relation Ag > (X , o ) can be proved on the same matter as in [6, Lemma
7.2]. O

Now let Ag > (X, o). It is clear that ck (g, X) is a complemented Ag-invariant
subspace in B (Ag, X) for each k. We set Ek (a) =5(a) lckg,x)» @ € Ajg. In particular,
X € Ag-mod (X = C% (g, X)). We denote the relevant bounded representation Aq —
B (X) by oc|Aﬂ, thus oc|“4-‘l -1 = o and oc|Aﬂ (R (im (w))) is dense in ocIAg (Ag).

Let I be a Lie ideal in g. Then C* (I, X) is a g-module by the representation
Or,r 19— B (Ck , X)) » Okr () = Lyw) — Ry )

(see Section 3.2) and the restriction map ck (g, X) — Ck1,X), o — o (0 =
ol k), is @ g-module homomorphism.

Proposition 4. Let Ay > (X, o). Then Ck (1, X) makes into a Banach Ag-module
extending its g-module structure such that the restriction map C* (g, X) — CK (I, X)

is a morphism in Ag-mod.

Proof. Since g is a nilpotent Lie algebra, the ideal / can be included into a Jordan—
Holder series of ideals having one-dimensional gaps by virtue of Engel theorem [3,
Ch. 1, Section 4]. Therefore, one suffices to prove the assertion for an ideal I of
codimension 1. Take such an ideal I and let e ¢ I. Note that the map

C g, X) = U, )1, X), o (ol k@),

implements a topological isomorphism in BS due to [6, Lemma 6.3]. If we identify
C* (g, X) with the direct sum C* (I, X) @ C*=1 (1, X) by means of the isomorphism
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then the restriction map C* (g, X) — Ck(1,X) would be the projection onto first
subspace. Fix a € g. The operator 0 (a) has the following matrix form

Ok,1 (@) 0
(Gk (le,al) Ok—11 (a)) 4.1)

with respect to the decomposition, where
Gi (b) : C* (1, X) - 11, X), G (b) (@) = (ix B) ) |1,
w e Ck (g, X), b el. Indeed, if A is the matrix (4.1) then using (3.5), we deduce

Aw = A (o, (i (€) ©) 1) = (0k1 (@) (@]1), Gk (e, al) (@l1) + Ok—1,1 (@) (ix (&) ) |1)
= ((Ok (@) ®) |1, (i ([e, a]) @ + Ok—1 (a) ix () ®) |1)
= ((Ok (@) @) 1, (ix (&) Ok (a) @) |1)

=0 (a) .

Now let us introduce the following operators

_{ Ok (a) 0 _ 0 0
Dk(‘”‘( 0 ek_l,z(m)’ Nk(b)_<6k<b> 0>’

where a € g, b € I. Using (3.5) again, we infer that [Dy (a), Nx (b)] = Nk ([a, b]).
Moreover, [Dy (a1), Dk (a2)] = Dg ([a1, a2]) and Ni (b1) Ni (by) = 0 for all a; € g
and b; € I, i = 1,2. It follows that the Lie subalgebra E € B(C* (I, X)) generated
by these operators is a finite-dimensional nilpotent Lie algebra. By Lemma 3, the
closure B of the full subalgebra R (E) € B (C k I, X )) generated by E is commutative
modulo its radical RadB. Then N (b) € RadB, b € I, and R4,p, C Rg’g. Moreover,
/ék (r (8)) —r (Di (9)) € RadB, r (g) € Rq p,, where g = im (). Taking into account
that B is a full subalgebra, we deduce that

p (r (i (@) = sp (r (Dk @) = 505 (0 - @) = 5p (01 @)

for all r (g) € Rg.p,- By Lemma 4, Rq p, = R4 and

~ _ (r (01 (®) 0
Ok (r (9)) = ( % r (Ok=1,1 (9)))
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for all r (g) € Ry 9. It follows that Ck (I, X) is invariant under ﬁk (r (g)) and
(0 @ o) 11 =7 (01 @) @I,

w € Ck(g, X). But, Ok (im (7)) is dense in 0Ok (Ag) (see Definition 4), therefore
Ck,X) is a Ag-submodule and the restriction map ck (g, X) — ck (I,X) is a
Ag-module homomorphism. [J

Let b\k, 1Ay — B (Ck , X)) be a bounded representation defining .A4-module
structure on C* (I, X) suggested in Proposition 4. Then Ok ;- = Ok 1 and B (A, X)
makes into a Banach A4-module by the representation 0; = @®ez, Ok,1-

Corollary 2. Let Ay > (X, o) and let § be a normed Lie subalgebra in Ag. Then
O'(ékh}) c G(CZ|“A9|3,), o € S, k € N. In particular, a(/ém) = a(oc|A9|3,) for all

oe .

Proof. One suffices to prove that ¢ (gk,,|3) Co (oc|“49|3) for all ideals 7 C g. As in

the proof of Lemma 8.5 from [6], we proceed by induction on the pair (k, dim (/)).
Take an ideal J C I such that dim (//J) =1 and [g, /] € J. We have an admissible
(C-split) sequence 0 — C*~1(J,X) — C*(,X) — C*¥(J,X) — 0 of Banach
Ag-modules by virtue of Proposition 4, and this in turn associates an exact sequence

of A (&)-Banach complexes 0 — C (/(5/(,1J|§) —C </0\k,1|3-) —C (’5](”['8.) — 0. It
follows that o @\k’”%) Co (’G\k_1,1|3> Uo (@kﬂ&) by [6, Corollary 3.5]. By induction
hypothesis, (9\1{_1,]@) Uo <’0\k’1|;§> Co (fx|AH |g), therefore o (@k,l |;§> Co (oc|“49|%).
Finally, ¢ <’§|;§) =0 (@kel+§k|ﬂg> =Ukez, @ (§k|;§) =0 (oc|Aﬂ|g). O

Corollary 3. Let Ay > (X, o). Then

4@ =0@d 7). (0@)=sp (2 @)

for all a € Ag, where d () is the differential of the complex C® (x— 1), i € A(g). In
particular, C® (x — ) € Ag-mod.

Proof. By Definition 4, im (5) C Ay, where Ay = R (0(g)) (see Example 2). More-
over, using (3.3), we conclude that d (1) 0, (a) = 0, (a)d (2) for all a € g, where
0, (a) = L(a_;,)(a) — R7(@). Note that 0; (a) = 0(a) — A(a), whence d (1) 0(a) =
0 (a) d (A). The latter obviously implies that d (1) T = Td (1) for all T € Ajy.
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To prove the equality sp (/H\(a)) = sp (rx|“4g (a)), one suffices to set § = Ca and
0 = g in Corollary 2. O

Corollary 4. Let (X, o) be a Banach g-module. Then Ry 9 = R a-

Proof. By definition, 0 = @7 . 0r and 0y = o. It follows that Rg’() C Rg,s. Further, if
Ay is the closed full subalgebra in B (B (Ag, X)) generated by 0 (g), then Ay > (X, o)
(see Example 2). By Corollary 3, sp (r (0(g))) = sp (r (x(g))) for all r (g) € Rg . It
remains to use Lemma 4. [

Now let Ay > (X, o), & a normed Lie subalgebra in Ag and let /‘{;- be the norm-

completion of §. Let us introduce a bicomplex (as in [6]) connecting parametrized
Banach space complexes C® (o) and C* (oc|“49|%). The following diagram

ﬁu T

% o (Fcten) 2

ﬁu T

is commutative, where ; (®) = d¥ (1) - ®, ® € C* (;’; C* (g, X)) (d¥ (%) is the
differential of the complex C*(x—4)) and B, is the differential of C* (’ékm — u)
(see Corollary 3) Thus we deal with a parametrized Banach space bicomplex B; , (g, &,
X), 2 € A(g), p € A(F), with rows B(/\S@, c* (oc—i)), s € Z4, and columns

C* <§k|3 — ,u), k € Z4, for which we use the denotation B (g, &, X). The total com-
plex of B; , (g, &, X) is denoted by Tot; , (g, &, X). Then

Tot (g, & X) = {Tot) , (3, & X) : (4, ) € A(g) x A(F)}

is a parametrized Banach space complex and their Slodkowski spectra are denoted by
g8, G, X), 0eC.

Proposition 5. Let Ay > (X, ), § a normed Lie subalgebra in Aq, W an ultrafilter

and let o = oc|A9. If ’8\' € Proj then parametrized Banach space complexes C® (o) and
C® (dy|g) are m-spectrally connected by means of the A(g) x A (§)-Banach bicomplex

B (g, . Xw).

Proof. Note that Ag > (Xy, oqr) by Lemma 10. Let 511 : Ag — B (B (Ag, Xyp)) be the
representation extending oy. Since C* (ayy) € Ag-mod, it follows that B (g, §, Xyp) is
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a A(g) x A (§)-Banach bicomplex. Further,

0<C' (§II|%)> = U O'(Eklﬂ;}) Co(yly), oceCm,

kEZ+

by virtue of Corollary 2. Moreover,

e (B (N@, c (ocu))) Co(C* (), celm

sel

by Lemma 2 and Theorem 1(a). It follows that the Banach space complexes
C® (yy) and C*® (5511|§) are m-spectrally connected (see Section 2.2) by means of
B(g, &, Xw). U

Remark 2. One can prove the chain version (using the chain complex C, (0qr)) of this
result replacing the requirement & € Proj with § € Flat and using Theorem 1(a).

4.2. The subset of splitting over g-module elements

The splitting elements over a g-module play a fundamental role on the backward
spectral mapping property.

Let (X, o) be a Banach g-module. As follows from (3.4), 0 (u) —A(u) =d (1) i (u)+
i(u)d () for all u € g, where 1 € A(g), d (1) € B(B(Ag, X)) is the differential of
the complex C® (¢ — A) and i (u) € B(B(Ag, X)) is the homotopy operator induced
by u. The latter relation can be enlarged to all rational functions acting on X by the
following way.

Proposition 6. Let .Ag > (X, o), p: .Ag — C a character and let a be a rational
function in Aq acting on X. There exists an operator iy (a) € B (B (Ag, X)) such that

0(a) —p(@) =d (u-m)iy(@) +iy(@d ().

Moreover, if i € o¢ () then assignment IE RO(g) — C,r(0(g) > r(4(g)), defines
a character J. € Spec (Ag). In particular, 0 (a) — )»|Aﬂ (@) =dA)ijy(a)+i)(a)d L),
where 2|‘A9 = A-0 € Spec (.Ag) and i (a) € B(B(Ag, X)).

Proof. To prove the first equality, one suffices to proceed by induction on the order of
rational function a and use (3.4) and (3.3). Take 4 € g (2). On the same ground as in
[6, Lemma 8.3], one can prove that r (1(g)) € sp (ocIASF (g)) for all r (g) € Ry 9, where
7(g) =7 (r (). Thus Ry g S Ry . If r1(0(g)) = r2(0(g)) for some ry (g), r2(g) €
Rg,0. then (ri —r2) (A(9)) € sp («l”s (71 (9) — 72 (g})) = sp((r1 —r2) (0(9))) = {0}
by virtue of Corollary 3, whence the assignment 4 : R (6(g)) — C, r(0(g)) —
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r (A(g)), is well defined. Moreover, 7 is continuous, for I(r 0 (g))) € sp(r0(g))).
The rest is clear. [

Remark 3. Note that iy, (a) = Zleb\(a] ---as—1)i (ag) u(as41 ---ar) whenever a =
ay---ax, a; = w(u;), u; € g, i (as) € BB (Ag, X)) is the homotopy operator. The
latter immediate from (3.3) and (3.4).

Corollary 5. The assignment o () — Spec (.Ag), A )»|Aﬂ, is a continuous mapping.

Proof. Fix a € Ag. We have to prove that the function f, : o () — C, fu (1) =
)v|Aﬂ (a), is continuous. If a =7 (r (g)) for some r (g) € Rg,n, then f, is reduced to a
usual rational function A +— r (4(g)) by virtue of Proposition 6. Therefore f, is contin-
uous. In general case, E(a) = limkg(ak) of some sequence a; = 7 (1 (g)), {rx (g)} €
Rg.x» by Definition 4. Then f, (1) = I(@(a)) - 1imk1(§(ak)) — limg A4 (a) =
limy fi (4) for each point 4 € o (a), where fi € C (o (2)), fx = fa,» kK € N. Moreover,
bearing in mind that the norm of all characters (in particular, I, A € oy (o)) of a Banach
algebra are at most one, we infer that

sup |fa (A) — fi (A)] = sup

Jea (o) A€ay ()

T(0@-0@)| < sup

A€ay (o)

A p@ -t

< HE(CI) —E(ak)“ -0, n— oo

Thus f, as a uniform limit of the sequence { f;} of continuous functions on the compact
space oy () [1, Ch.4, Section 25] is turning into a continuous mapping, that is, f, €
C(o(w). O

The image of a Slodkowski spectrum o (), ¢ € S, under the mapping from Corollary
5 is denoted by ¢ () [, thus o (o) |45 C Spec (Ag).

Definition 5. Let Ag > (X, ). An element a € Ag is said to be splitting over g-
module X if for each 4 € g, () there exists n € N (called splitting power with respect
to 4) and an operator i, ; (a) € B(B (Ag, X)) such that

(V@ =2 @) =d Wiy @ + iy @d (.

An element a € Aq is said to be weak splitting over g-module X if for each 4 € g («)

the actions of Ié(a)—MAﬂ (a) on the cohomologies H kC® (o —2), k € 7 (see Corollary
3), are nilpotent. The set of all (resp., weak) splitting over g-module X elements is
denoted by Ag (o) (resp., Ag ().

Obviously, Ag (2) € Ag (), and im () € Aq (2) by virtue of Proposition 6. More-
over, all rational functions have splitting powers equal 1 with respect to all characters 4
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taken from oy (). Let us note that a subset in A (c) of those elements having splitting
powers equal 1 with respect to all A € o, («) is a subalgebra in A4 containing im (7).
Indeed, for a such couple a, b € Ag (o), we have

0(ab) = 2% (@b) = 0@ (00) = 2 @) + 14 @) (0@ = 417 @)
=d () (0@ i1, &) + 21 B)i; @)
+ (0@ )+ By @) d ()

by virtue of Corollary 3. It follows that the splitting power of ab equals 1.

Later in Section 6, we shall consider various examples of dominating algebras. We
prove that all of them are comprised by splitting elements which are automatically weak
splitting ones as confirmed above. We have no example of a weak splitting element
which is not splitting one. It seems that they would be found in a complexioned
versions of the considered examples, for instance assuming D to be arbitrary (not
necessary Stein) domain in Section 6.4. Meanwhile, one might confirm that the weak
splitting elements play key role to have more generalized finite-dimensional spectral
mapping theorem (see below Theorem 6).

Now we investigate a stability property of splitting elements under homomorphisms.

Lemma 11. Let t: a — b be an epimorphism of finite-dimensional Lie algebras, (X, o)
a Banach b-module and let P be an associative subalgebra in B (B (Aa, X)) such
that for each G € P there corresponds G, € B (B (Ab, X)) such that G (- AT) =
G:(®) - AT for all @ € B(ADb, X), where At € B(Aa, AD) is the exterior power
of 1. Then correspondence P — B (B (Ab, X)), G +— G, is a bounded algebra
homomorphism.

Proof. Since At is a surjective map, it follows that w - AT = @' - AT iff © =
for some w, w € B(Ab, X). Hence, if G;(w) - AT = G (w- A1) = G, (w) - AT for
some G, G, € B(B(Ab, X)), and for all ® € B(Ab, X), then G; = G’.. Thus we
have a well-defined linear map G — G. Moreover, if G, G’ € P, then (GTG;) (w) -
AT = Gq (G/T (w)) AT =G (G/T (w) - /\‘c) =G (G/ (- /\‘c)) = (GG/) (w- A7), Tt
follows that (GG’)T = G.G., that is, the map P — B(B(Ab, X)), G — G, is
an algebra homomorphism. It remains to prove that this homomorphism is bounded.
Since AD is the quotient (normed) space of Aaq, it follows that HGT (w) (g) H =
|G (@) (A ()| = [[(Ge (@) - A1) ()| <G (@- A |u], where v = (AD) (u),
that is, |G (0)]| < |G (@ - AT)|. Then ||G; (w)| < |G|l |loo|l [|AT] for all w. Finally,
IG:|| < |G| [|AT]], so, the map G +— G is bounded. [J

Lemma 12. Let 1 : ¢ — b be an epimorphism of finite-dimensional nilpotent Lie
algebras, (X, ) a Banach b-module, oo = f - 1, and let 0, : ¢ — B (B (Ag, X)) and
O : b — B(B(AD, X)) be the Lie representations induced by modules (X, o) and
(X, B), respectively. There exists a bounded algebra homomorphism T : Ay, — A()ﬁ
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such that T (0, (w)) = 0p (t (w)) for all u € g, where Ay, > (X, a) and A()ﬁ > (X, )
are the dominating algebras (see Example 2).

Proof. Let u € g. Since t is a Lie homomorphism, it follows that At - Tq(u) =
Ty (z (w)) - At, where Ty (u) € B(Ag) (resp., Ty (v) € B(AD), v € b) is the operator
extending ad (u#) (resp., ad (v)). Then

0 () (0 - AT) = (Lo — Rryw) (@ - A1) = f(t@) - - AT— - Ty (T (W) - AT

= ((Lpawy — Rryewy) @) - At = 0p (T () (@) - AT,

® € B(Ab, X). Further, note that one uniquely defines a map 7 : Rqoy — Ryp

extending © such that -7 =7, by virtue of Lemma 5. Moreover, Ry g, = Rq and
Rb’gﬁ = Ry, due to Corollary 4. Let us prove that

r(02(9) (@- A0 =7 (05 () (@) - At (4.2)

for all rational functions r (0, (g)) € Ay, (here r (§) € Rqy¢,), where 7 (h) =7 (r (g)).
At first, note that sp (r (0, (g))) = sp (7 (0[3 (I)))). Indeed, using Corollary 3, we infer

that sp () = sp (/4% (@)), a € Ag,. and sp (b) = sp (m““”ﬁ (b)), b € Ag,. Then

s (r (0 (@) = sp (7 (0 (@) = sp (r (x(@) = sp G (@) = sp (BF (b))
=sp (B &) = sp (A7 (05 1)) = sp (7 (0 1)) -

Further, since 0, (1) (0 - At) = 0 (1 (u)) (w)-At, u € g, it follows that (4.2) is valid for
all polynomials » (g). Moreover, using the equality for spectra of operators participating
in both parts of (4.2), we deduce that if (4.2) is true for some invertible rational function
r(g) € Ry, then it is also true for its inverse r~ 1 (g):

- At = (F(0p )7 (0 ®) ) - A =r O @) ((F~ (0 ) ) - A7),

which implies that r~! (0, () (0 - AT) = 7! (()/3 (I))) (w) - At. By induction on the
order of rational functions (see Section 2.3), we establish (4.2) for all r (g) € Rgg,-

Now we apply Lemma 11 for the subalgebra P = R (0, (g)) € Ap,. There exists a
bounded algebra homomorphism y : P — Ay, such that y (r (04 (g))) = 7(013 (I))). In
particular, y (0 (u)) = 0p (v (u)) for all u € g. Its extension 7T up to the closure Ay, of
P is the required algebra homomorphism. [l

Theorem 4. Let 1 : ¢ — b be an epimorphism of finite-dimensional nilpotent Lie
algebras, (X, ) a Banach b-module and let o = [ - 7. Then T (A, (2)) < Aoy (B),
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where T : Ag, — .A()ﬁ is the bounded algebra homomorphism such that T (0, (1)) =
Op (t (), u €g.

Proof. At first, note that the homomorphism 7 exists and it is unique due to Lemma
12. Let G = ker (7). Using the argument carried out in the proof of Proposition 3,
one can reduce assertion to the case [G,g] = {0}. Indeed, if [G,g] # {0} then ¢
splits into the product tj73--- 7541 of Lie epimorphisms t; : g; — g;_; such that
[ker (ri) . ¢;] = {0}, where g¢*D = {0}, g; = 9/Gi. Go = G. Gi = [9.Gi-1],
i >1. There exists a bounded algebra homomorphism 7; : A; — A;_; extending t;
by virtue of Lemma 12, where A4; = Aeﬁi is the dominating over g;-module (X , ﬁl)
from Example 2, where 8; = ft;t2---1;. Moreover, T = 7| ---Ty41 by Lemma 12.
If the assertion has been proved for the case |G, g] = {0} then we would obtain that
T (Ao, () =T (Asr1 {Bo1)) ST+ T (A (ﬂs[)) C - ST (AL (By)) S Agy (B)-

So, assume that [G, g] = {0} and take a € Ay, (). By Definition 5, we have to prove
that the operator 7 (a) — /1|A6/f (% (a)) is nilpotent on all cohomologies HXC® (f — A),
for each 1 € g (f). By Proposition 3, u = -1 € g, (2). Moreover, u|A0« (r (0, (g)) =
r(1(@).r (9) € Ry = Ry g, and 21 (r (65 (1)) = r (2. (0). r (8) € Ry s = Ry,
due to Proposition 6. It follows that Rqy C Ry and Ry © Ry ;. By Lemma 4,
the Lie epimorphism t has unique extension T : Rg, — Ry ; such that 7T=17
moreover, ?(Rg,a) C Ry,p and //;-? =7. Then

A0 (0, @) =7 (1(9)) = L(r (9) = A G (r (@) = 4G (B) =F (A (H))
=217 (7 (05 ) = 7% 7 (04 (0))) .

where 7 (g) € Rga 7(h) = T(r(g)). Thus wl Ao (by = MAOﬁ -7 (b) for all b €
R (04 (g)) S Ap,. Using the continuity of T (Lemma 12), we infer that u| A0 = }V|A0/f 7.

It follows that T (a) — }b|A0ﬁ @ (@) =7 (a — u™ (a)), whence one suffices to prove
that if actions on the cohomologies H kC® (o) of a certain a € Ayp, (o) are nilpotent
then actions on the cohomologies H¥C*® () of T (a) are also nilpotent. To prove that,
we use the exact complexes

0 — B(Gs, C* () =, Cy5 () LA Copr (@ —0 (4.3)

of g-modules suggested in Lemma 8, where s € Z,. With Ay > (X,a) (Exam-
ple 2) in mind and taking into account that Cg (x) is a subcomplex of C*(x), we
infer that C; () € Ay,-mod by virtue of Proposition 2 and Corollary 3. As fol-
lows from Proposition 2 again, that X is a Ayp,-morphism of complexes. Moreover,
B(Gs,C*(p)) € A()ﬁ-mod furnished A()ﬁ-module structure by the left regular rep-

resentation (see Corollary 3), whence B (Gy, C*®(B)) € Apy,-mod along the algebra
homomorphism 7 : Ay, — Agﬂ suggested in Lemma 12. Actually, (4.3) is a short
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exact sequence of Ay, -module complexes. Indeed, r?{ ¢ Lz = b -5, b €0,(g), by
Lemmas 8, 12. It follows that the latter equality is valid for all b € Ay,, that is, (4.3)
is a sequence of Ay -module complexes. As a corollary of this reasoning, we conclude
that the following diagram

- HZ2 B(GS,Hk) — HYk — HD S

s+1 p s+1
pa 0 L) ta ta 4.4)
— Hvk_zlz — B (GS, HE) — HYk N Hf_;]l —

is commutative, where the first (and second) row is the long cohomology sequence
associated by the short exact sequence (4.3) of complexes, the columns are the operators
on cohomologies induced by a € Ay, (x) and T (a). We have to prove that all induced

operators T (a) € B (H k), k € 7, are nilpotent. We proceed by induction on k. Bearing
in mind that C§ (o) = C* («), the assertion for k = 0 directly follows from (4.4) by
setting s = 0 (here HY = Hg = HO?).

Now let k¥ > 0. By induction hypothesis, all operators 7 (a) € B (Hé), i<k—1, are
nilpotent. Applying Lemma 1 to the left side of the commutative diagram (4.4) for s =
0, we see that one suffices to prove the nilpotency of the operator a € B <H1k_2). By

induction on the pair (i, j), let us prove that all operators a € BB (H‘Li), 0<i<d—1,

0<j <k — 2, are nilpotent, where d = dim (G). Note that C*® () = B (G4, C* (p)) =
Cj (x) (to within an isomorphism in Ay -mod) by virtue of (4.3), whence all a €
B (Hé), 0<tr<k—1, are nilpotent operators. Fix (i, j), i > 0. By induction hypothesis,

the operators a € B(Hd/:i1+1> and T (a) € B(H({) (Hj = Hi;) are nilpotent. Then

Lz € B (B (Gd_i, H é )) is also nilpotent, and using the right side of the commutative
diagram (4.4) for s = d —i, and Lemma 1, we deduce that a € B (H j_i) is a nilpotent

operator. In particular, a € B (H]k*z) is nilpotent. Therefore 7 (a) € B (H;g) is a

nilpotent operator, too. [J

Remark 4. Let 7 : ¢ — b be an epimorphism of nilpotent Lie algebras, (X, f) a
Banach b-module, « = -7 and let Aq > (X, ). Then 70, (.Ag (a)) - Agﬁ (p). Indeed,

0, (Ag (@) € Ap, (2) by Definition 5, and T (Ag, () S Ay, () by Theorem 4.
4.3. The forward spectral mapping property

Now let f : A(g) = A(g) be arbitrary continuous extension of the continuous map
o (@) > A(F), A~ /1|A41|;§ from Corollary 5.
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Lemma 13. Let Ay > (X, ), § a normed Lie subalgebra, W an ultrafilter and let

o= :x|“4ﬂ. If @ € Proj then f is a prespectral mapping with respect to the bicomplex
B (g, & Xy) connecting C* (cay) and C* (dy|5).

Proof. At first, note that the complexes C*® (xy;) and C® (di|g) are m-spectrally con-
nected by means of the bicomplex B (g, &, Xy) due to Proposition 5. Now take
A € A(g). If 2 ¢ () then noting is left to prove (see Definition 2). So, as-
sume that H™C® (g — 4) is a nontrivial Banach space, u = f (4), and let ﬁﬁu :

H™C® (g1 — 4) > H™B (5, C* (o — i)) be the differential of the mth vertical co-

homology complex of the bicomplex B; , (g, &, Xy). Using the same argument as in
the proof of Theorem 8.6 from [6], we obtain that f3j "= 0, thereby f is a prespectral
mapping. U

Theorem 5. Let Ay > (X, o), & a normed Lie subalgebra in Ay and let ¢ € S". If
& € Proj then o (o) |As‘|& C oy, (a|Asx|g,)_

Proof. Let U be an ultrafilter and let @ = oc|“49. By (3.2), C*® (a)y = C® (oqy). More-
over, the parametrized Banach space complexes C*® (o) and C* (&II@) are m-spectrally
connected by means of A(g) x A (&)-Banach bicomplex B (g, &, Xy1) due to Propo-
sition 5. Now let f : A(g) — A(F) be arbitrary continuous extension of the map
o () => AH), 4 — i|A9|g. Then f is a prespectral mapping with respect to the
bicomplex B (g, &, Xyr) connecting C*® (x)y and C® (%y|g) by Lemma 13. By The-
orem 2, f(o(@) = f(a(C*@)) S o(C*CGulg) = o(C*(Glzu)) S ouCGly)
(see Definition 3). [

Corollary 6. Let Ag > (X, o) and let § be a finite-dimensional Lie subalgebra in Ay.
Then o (o) |Aﬂ|;§ Co (oc|Aﬂ|<l~y) for all 6 € S5U ",

Proof. Taking into account that & € Proj, the inclusion for spectra ¢ € S immedi-
ately follows from (3.2) and Theorem 5.

Now fix ¢ = g5} € ©5. By Lemma 10, Ag‘" > (X*, o*). Using (3.1) and Theorem
5, we obtain that

op op
0 @)l = 05,0 P l=0™ (o) AT | g S (o AT m) =™ (1))
=0k (415) = o (4115

that is, o (2) [“9]z C o («“d]3). O

Corollary 7. Let Aq > (X, o) and let § be a normed Lie subalgebra in Ag. If Z”; €
Proj then oy () |Aﬂ|;§ - o{f’k ((a|Ag|3)*>, k € Zy. In particular, o5 (o) |Aﬂ|;§ -

o5 4 (oc|“49|iq;) whenever X is superreflexive [16].
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Proof. Using Lemma 10 and Theorem 5, we infer that

a4 () 1515 = o™ () 15 | gor € 07K (7%)

where y = oc|AJ|~§ If X is superreflexive then (X*)y = (Xy)* for a countably in-
complete ultrafilter 1 [16, Corollary 7.2]. In particular, (y*)y = (yu)* and o} (y )=

U ™ () = U o™ () ") = Un 064 (7u) = %, (7) by Definition 3. [J

4.4. The backward spectral mapping property

Now we investigate the problem whether or not a continuous extension f : A (g) —
A () of the map o, (2) —> A(F), 4 +— )»|A9|g, is a spectral mapping with respect to
the A (g) x A (F)-Banach bicomplex B (g, &, Xir) connecting the complexes C® (o)
and C* (oiy|), where @ = ol As.

Fix m € Z4 and let oy = — 4, 2 € A(g). Then

By = ~ B
0 H"C* (1) 5 H'C' (§.C* ) > - > H"C* (F.C* () B o 45)
is the mth vertical cohomology complex of the bicomplex B, , (g, &, X). By Corollary
3, kerd™ (4) is a closed Ag (in particular, §)-submodule in C™ (g, X), where d" (/) is
the differential of (Oth row) the complex C* (o). The complex C*® </9\|3 — ulkerd™ (i))

generated by the §F-module (ker d™ (A) ,§|3 — ,u) is a Banach space complex of -

modules and it is a subcomplex of the mth column of B; , (g, &, X). The §F-module
structure on this complex is defined by the 0-type representation (see Section 3.2)

O F— B(B(A'F kerd” (1)), Oy u(a) = L(@#)(a) — R7,(a),

extending 5|;§ — u, and let I (a) (a € &) be the homotopy operator on the Banach
space complex C* (9|3 — ul kerd™ (i)). Using Corollary 3, one can easily verify that
5m 1 — (Sm ]L

Rr,@8) " =87 Ry

9( ) 0(a)

and I (a) 521_1 = 5';’_11? (a), where 5:‘_1 is the row differential of B; , (g, &, X). In
particular, ©; , (a) 5";_1 = 5’;’_1@?,  (a) and the image im (5";_1) is invariant under

all operators La(a), R7,(a), Oy, (a) and I (a), a € &, thereby they induce operators
on the cohomologies

L3 O5u @, Ry €B(H"C* (§,C* (1)) »

I (@eB (H’"C“ (&.C* (2) . H"C*' (§. C* (az))) ,
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by the canonical way. Using (3.3) and (3.4) for the complex C* (§|;§ — ul kerd™ ()u))
and by passing to the cohomologies, we obtain that

B0y, (@) = O, @) . (4.6)
il (@) + 17 (@) By = ©;, (@) @.7)

The following lemma describes the operator ®;M (a) when a € Ag ().

Lemma 14. Assume that a € § N Ag (®), or a € FN Ag (o) and dim (F) < oo. Then
®;# (a) = )»|A9 (a)—u(a)— Ri(a) + N, where N is a nilpotent operator. In particular,

0¢sp (@;u (a)) whenever sp (ad (a) |§) = {0} and A4 (a) # u(a).

Proof. By definition of @;# (a), one suffices to prove that N = Lg(a) — )V|Ag (a) is a
nilpotent operator on the cohomology H™C* (&, C® (a)). Take ® € C’ (g, ker d™ (1)).
By Definition 5, (g(a) — A (a))n =d" 1) in; (@) + i, ; (a)d™ (A) for a certain
n € N and some operator i, ; (@) € B(B(Ag, X)) whenever a € § N Aq (o). Then

n
(Lo = 4 @) @ =" ()i s @ O+ iy @ d" () O = 507" (L, )

thereby (L5 = — 2 @) © = (37" (Li,@®) =0.1f a € FNA (o) and
dim (&) < oo, then

(L3 = 1 @) @) (@) = (0@ = 2 @) (@ (w)) € ima” " (2)

for all u € A5, and therefore (L | A (a))n ® =d" 1)) ¥ for some ¥ €

0(a)
C* (. €™ (g, X)). It follows again that (Lg(a) — A (a))" >~ =0.

Now let us assume that sp (ad (@) |§) = {0} and z, = ilAﬂ (a) — pu(a) # 0. Then
operator of the adjoint representation ad (a) € B (@) is quasinilpotent. It follows that
all Ty (a) € B (/\sff;'), s € Z, are also quasinilpotent by [6, Lemma 6.1]. The lat-
ter involves that sp (R7, ) = {0} for all s. But, Ry, € B(C* (§, kerd™ (1)) is

a Banach space operator, so, the series Gy (a) = Z,fio (z;lRTS(a))k converges abso-
lutely in B (C* (&, ker d™ (1))) and 5Z’_IGS (a) = Gy (a) 5;?_1. Moreover, the operator
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G; (a) e B(H"C® (§, C* («;))) commutes with N. Indeed,

~

o
[G} (). N] = [Gs (@, Lﬁ(u)] = (Z 7, [Rli(ay L%)]) =0".
k=0
_ —1
Note also that z;'G, (a) = (za — Rr,@) " and 271G (a) = (Zd ~ R} (a)) . Finally,

%6 (@07, (@) =210, @) G} @ =Gy @ (24 = Ry + V)
=1+2,'G; (@ N.

It is clear that 1+ z;!G; (a) N is invertible and

(1 +2'G7 (a)zv)f1 - S(—l)k (z;IG: (@) N)k.

k=0

Thus 0 ¢ sp (@;H (a)). |

Proposition 7. Let Ay > (X, ) and let S be a subset in Ag () (resp., Aq(x)) gen-
erating a quasinilpotent normed (resp., finite-dimensional) Lie subalgebra § C Ag. If
‘@ € Proj then f :A(q) = A(F) is a spectral mapping with respect to the bicomplex
B (g, &, Xy) connecting C*® (ony) and C* (dy|g), where o = alAs.

Proof. At first, note that if § C Ag (o) generates a finite-dimensional Lie subalgebra
& S Ag then § = /T;- € Proj. We have already proved (see Lemma 13) that f is a
prespectral mapping whenever @ € Proj. So, it remains (see Definition 2) to prove that
all vertical cohomology complexes (4.5) of the bicomplex B, , (g, &, Xa) are exact,
whenever f (1) # p. Note that f (1) = A/ and if f (/) # u then A% (a) # p(a)
for a certain a € S, because of S is a set of topological Lie generators of § (or &).
By assumption, a € Aq () (resp., a € Ag(x)) and sp (ad (@) |§) = {0}. Using Lemma
14, we conclude that all operators ®;u (a), s € Z4, acting on the vertical cohomology
complexes of the bicomplex B; , (g, &, Xy) are invertible. But, the latter implies that
all vertical cohomology complexes are exact by virtue of (4.6) and (4.7). [

As follows from Proposition 7, to prove the backward spectral mapping property
for normed Lie subalgebras of the dominating algebra one remains to establish the
Projection Property suggested in Theorem 3.

Proposition 8. Let Ag > (X, o), W an ultrafilter and let § be a normed Lie subalgebra
in Ag. If & € Proj then o (g, &, X1) ljo)xg = a(acu|Aﬂ|i~y) for all 6 € C.

The proof is based on the same argument as in [6, Theorem 9.6].
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Theorem 6. Let Ag > (X, o) and let S be a subset in Ag () (resp., Aq (o)) generating

a quasinilpotent normed (resp., finite-dimensional) Lie subalgebra § C Aq. If § € Proj
then

ou (dl5) =0 @ 1Mz o

Proof. The inclusion o (a) |Aﬂ|<l§ Coy (ot|Aﬂ|;;) was proved in Theorem 5. The reverse
inclusion follows from Propositions 7, 8, and Theorem 3. [

Corollary 8. Let Ay > (X, o), and let § C Ag{x) be a finite-dimensional nilpotent
Lie subalgebra. Then

o (M|A5‘|3> =0 Mg e

Proof. If ¢ € S then result follows from Theorem 6. To prove the equality for spectra
0 =05 € S5 we use the same argument carried out in the proof of Corollary 6.
Namely, using Lemma 10 and Theorem 6, we obtain that

* op
oox (a915) = o™ ((a915)") = o (14 150
op
C o™ () 1 |z = a5 () 15
By Corollary 6, a5 (a™]5) = 5.4 (@) |75
Finally, note that chain and cochain complexes generated by a representation of a
finite-dimensional nilpotent Lie algebra are isomorphic [13, Proposition 3.1], whence

ook () = 05 () and ogk (2) = ok (o). By assumption, & is a nilpotent Lie subal-
gebra, therefore ook (oc|’49|3,) =05k (oc|A9|3,) and ok (a|A9|3) = gk (a|‘A9|i§).

Corollary 9. Let Ay > (X, o) and let S be a subset in Aq () generating a quasinilpo-
tent normed Lie subalgebra § C Aq such that § € Proj. Then

k
0ok @) M1 = o7k ((a15) ) ke 24
In particular, ag « (oc|“4-‘l|§) =05 () |Aﬂ|i~Y whenever X is superreflexive.

Proof. The inclusion o 4 (o) |A%‘|3 - a’,}’k ((oc|Aﬂ|;§,)*> was proved in Corollary 7. The
reverse inclusion follows from Theorem 6. Namely,

* op op
ok ((a15)") = ok (1A I ) € 0™ () 1A 1o = 05 (0 1015
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If X is superreflexive then

*
GZ’k <(OC|A‘J|§) ) — O-g,k (OC|A‘J|3)

(see Corollary 7). Therefore a5 (o) |Aﬂ|<& = a5, (aP]z). O

Remark 5. To obtain the classical form

f(o(a) =a(f(a)

of the spectral mapping formulae suggested above one suffices to carry out the reasoning
as in [5].

5. The finite-dimensional spectral mapping theorem for a family of functions
generating solvable Lie subalgebra

In this section, we investigate the spectral mapping theorem for a Lie subalgebras
& S A having finite-dimensional images. Using the Cartan subalgebras we could
restore the Fainshtein version (see [13,14]) of a finite-dimensional spectral mapping
theorem with respect to a more general (than polynomials) functions in noncommuting
variables.

5.1. Cartan—Slodkowski spectra

Let 2l be a finite-dimensional solvable Lie algebra, (X, ) be a Banach 2-module,
‘H a Cartan subalgebra in U and let A = H @ H; be the Cartan decomposition of
A with respect to H [1, Ch. 1, Section 5]. One defines the Cartan—Slodkowski (resp.,
Cartan—Taylor) spectra [1, Ch. 4, Section 27], [7], of f as

TP ={reW iy ecaBln), L(Hy) =(0}}, oe&.

It is obvious that X (f5) coincides with the spectrum o (f3) for a nilpotent Lie algebra 2I.
If A C B(X) then we set X (A) = X (xidyr). One can prove that X () € A(A) and
2 () does not depend on the choice of a Cartan subalgebra H (see [7]). The family of
all set-valued functions X defined on the class of solvable Lie algebra representations
is denoted by KRE.

The following projection property was proved in [1, Ch. 4, Section 27] for the
Cartan—Taylor spectrum and was extended to all Cartan—Slodkowski spectra in [7].

Proposition 9. Ler U be a finite-dimensional solvable Lie algebra, and let (X, ff) be
a Banach W-module. If L is a Lie subalgebra in WA then X (fl¢) = X (p)|¢ for all
Y e KRG
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The following assertion is the Cartan—Slodkowski version of the stability property
for the Slodkowski spectra suggested in Proposition 3.

Proposition 10. Let t: A — B be an epimorphism of finite-dimensional solvable Lie
algebras, and let (X, p) be a B-module. Then Z (f-17) =X () - 7 for all £ € KE.

Proof. Take u € Z(f-1). Then uly € o(f-tly) and u(Hy) = {0} for a Cartan
subalgebra H C Q. By Proposition 3, u|lyy = A-1|y for some 4 € ¢ (ﬁ|‘[(H))~ Moreover,
A = &3y for a certain ¢ € X (B) by virtue of Proposition 9. But H C [QI, Q[],
therefore £-7=p. Thus Z(f-71) S Z(P) - 1.

Conversely, take 4 € X () and let H C 2 be a Cartan subalgebra. Then (4 - 1) (H+)
C Z(c([W, A])) = 2([B. B]) = {0} and (A- 1) | = Alep) - Tly. By Proposition 9,
vy € o (Ble)). Bearing in mind that H is a nilpotent Lie algebra, we infer that
o ((B-1) 1) = o (Blzn)) - Tl due to Proposition 3, whence (4-1) |y € 6 (B 7) I%)
and A-7€ X(f-1) by its very definition. [

5.2. Spectral mapping theorem

Now let (X, «) be a Banach g-module, h = a(g), f = idy : h — B(X) the iden-
tity representation, Ag > (X, ), and let Ay, (resp., Ay,) be the full subalgebra in
B (B (Ag, X)) (resp., B(B(Ab, X))) generated by 0, (g) (resp., 05 (h)). As we noted
in Example 2, A()x > (X, o), A()ﬂ > (X, ), and these algebras are connected by the
homomorphism @ : Ay, — Ay, such that %0y () = 0 (2 (u)), u € g, by Lemma 12.
One can easily verify that

Aoy

BI7 % 0y = a0 . 0, = oA (5.1)

and the images im (oc|Af’x), im (/3|A0ﬁ) belong to the full subalgebra A, C B(X)
generated by b.

Lemma 15. Let Ay > (X, ) and let i € o (b). There exists A e Spec (A,) ex-

tending ). such that )| ~[3|A"/f = /1|A”/f, ANA2 o A0 = (L a) |40 and 1A - o)A =
(4~ o) [

Proof. At first, note that 1 = A-o € g¢ () by virtue of Proposition 3. By Proposition 6,
there exists 71 € Spec (A()“) such that 7t (r (04 (g))) = r (A (b)) for all rational functions
r(g) € Rgg,- Let us remind that the image of the map CE Rg.0, = B(X) extend-
ing o is the full subalgebra R (})). Moreover, sp (r (04 (g))) = sp (oc|“401 (r (04 (g)))) =
sp (r (h)) by Corollary 3. We set MA“ (r®) =r@®), r(@ € Rga = R4, To
be correct, note that if r () = rp(h) for some ry, r» € Ry, then ri (A (h)) =
(i (0 () = H((r1 —r2) (0(a)) + H(r2(0x(g))) and [i((r1 —r2) (05 (9))) €

sp ((r1 —72) (04(9))) S sp((r1 —r2) (h)) = {0}, that is, r1 (A (h)) = r2 (A(h)). The
rest is clear. [
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Lemma 16. Let N be a finite-dimensional Lie subalgebra in A()ﬂ such that AW C

A@B (B). Then W is a solvable Lie algebra and X (/3|A9/’|g[> =2 |AH/*|Q[ for all
2 e K&

Proof. By Lemma 3, Ay s is commutative modulo its Jacobson radical Rad Ay I whence
[, A] € Rad Ap,. It follows that [, AJ is a nilpotent Lie algebra, consequently, 2 is

solvable. Let H be a Cartan subalgebra in 2. Then H € [, A], therefore u = |y
iff ulyy = (| for arbitrary p € A(A) and { € Spec(.Agﬁ). With A@B > (X, p) in

mind, we deduce that ¢ <ﬁ|A"/f |H) =a(h) |A9ﬂ |2¢ due to Corollary 8. It follows that
A A A
(B ) = o @) Mo = @) Ml O

Lemma 17. Let  be a finite-dimensional Lie subalgebra in Ag, (), Ao = [3|A0ﬁ ().
Then = (o) = = (b) |=|gy, for all T € KE.

Proof. Take 4 € X () = o(h)) and y € Ay, y = /5‘|A0/’ (a), a € A. By Lemma
15, 44 o) = AR @ = A @ = () @. But g = iy
M) "o, By Lemma 16, 1 € = (B "]r). Moreover, = (B ]or) = T (2o) -

ﬂ|A0ﬁ|gI by virtue of Proposition 10. Then u = 5 - [flAUﬂbI for some n € X (Wp).
Moreover, /4|4 (y) = u(a) = n(y), that is, }v|A“|‘JIo =ne X (Wp).

Conversely, take 7 € 3 (2o). Then 1 B ot € T (2o) - ™" ot € = (817" lar),
and by Lemma 16, n~/3|A01f|s1[ = /1|A0ﬁ|s1[ for a certain A € g (). Take y = ﬁlAO/f lor (a),
a € 9. Then () = (A @) = 21" @ = 214 (B (@) = 214 lat, (), that
is, n = A g,. O

Theorem 7. Let Ay > (X, o). If § is a Lie subalgebra in Agq (o) such that 5(3’) is a

finite-dimensional Lie subalgebra in B (B (Ag, X)), then &, = a3 (F) is a solvable
Lie subalgebra and Z (&) = Z (2 (g)) |A1|& Jor all ¥ € KS.

Proof. Let A = &‘(/G\a (3)). It is a finite-dimensional Lie subalgebra in A(;ﬁ, in par-
ticular 2 is solvable. By Theorem 4, A C Aoﬁ (B) (see also Remark 4). Moreover,

ﬁlAHﬁ (A) = Fy by (5.1). It remains to use Lemma 17. O

Corollary 10. Let Ay > (X, o). If § is a finite-dimensional Lie subalgebra in Ag (o)
then &y = |4 (F) is solvable and T (§,) = Z (2 (9)) |5, for all T € KE.
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Note that if dim (@(8)) < oo then automatically dim (&,) < oo. We do not know

whether or not the opposite assertion is valid. Namely, does the finite-dimensionality
of the Lie subalgebra &, € B (X) imply the finite-dimensionality of the Lie subalgebra
0 (%) € B(B(Ag, X))? This problem arose in Fainshtein’s investigations [13,14], in
the case Aq = U (g) (see Example 1). If g is a commutative Lie algebra then one can

easily verify that the answer is positive. In this case dim (’6\(8-) = dim (&). For a

noncommutative nilpotent Lie algebra g the answer is unknown. We could announce
that the answer is also positive for Arens-Michael completions Ay of U (g) whenever
g is a Heisenberg algebra (that is, dim ([g, g]) = D).

6. Applications to noncommutative functional calculi

In this section, we apply spectral mapping results suggested in previous sections to
various noncommutative functional calculi.

6.1. The polynomial algebra U (g)

Let us assume that Ay is the universal enveloping algebra U/ (g). Then Ag > (X, o)
for each Banach g-module X (see Example 1). Moreover, Aq (2) = Ag (o) = Ag by
Proposition 6. Using Theorems 6, 7, we obtain the following generalization of the main

result in [13] (see also [14]).

Corollary 11. Let g be a finite-dimensional nilpotent Lie algebra and let § € U (g)
be a quasinilpotent normed Lie subalgebra. If § € Proj then

o (a|“(g)|;g) =) U9z ce&"

In particular, if § C U (g) is a finite-dimensional Lie subalgebra then §& is nilpotent
and

o) YOz =0 (“|Z/I(9)|3) . ceG.

Moreover, if B C U(g) is a Lie subalgebra such that dim (9|u(9) (‘]3)) < o0 then
By = 2@ (B) is a solvable Lie subalgebra and

TPy = (@ (@) 1y, e KE,

where Py, is the associative hull of o (g) in B (X).

Note that a finite-dimensional Lie subalgebra in U/ (g) is automatically nilpotent one
(see [13]).
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6.2. The Banach algebra A (g) of convergent power series

The next example is the Banach enveloping algebra (or the algebra of convergent
power series) of a normed Lie algebra [9, Section 2].

Let us remind necessary facts (for more detailed information see [9, Sections 2, 4]).
Let J be a B-L algebra and let £ (J) be the £;-direct sum of Banach spaces S®”
n € Z4. It is clear that £; (J) is the £;-norm completion of the tensor algebra 7' (),
therefore it is turning into Banach algebra. Let I be a two-sided ideal in 7'(J) generated
by tensors x @ y —y ® x — [x,y], x,y € 3, and let J be its closure in £; (J). The
Banach enveloping algebra A (J) of B-L algebra J is defined as the quotient algebra
£1(3) /J. Bearing in mind that U/ (J) = T(J)/I, one automatically defines a canonical
algebra homomorphism ¢ : U (J) — A(J) having the dense range and H(p|3|} <1
One can prove [9, Corollary 2.4] that the dual operator ¢* : A(J)* — J* implements
a homeomorphism between the topological spaces Spec (A (J)) and S5 furnished with
the *-weak topologies taken in A (3)" and J*, respectively, where S5 = J{j) N A (J).

Lemma 18. Let J be a B-L algebra and let a € A(J). There exist elements a,(l';:) €

&, 1<m<n, n.k € Z, such that the series ), ; [, — la,(l',':) converges absolutely in
A (3J) to a. Moreover, if J is a ﬁmte -dimensional nilpotent Lie algebra furnished with

a norm p then y_,  [T),—; p( a,, ) < o0.

Proof. By definition, a = ¢ (y) for some y € ¢ (”s) Then y = (y,) = Znez+ Yn
and [[yllg,3) = Lpez, Inllan < 00, where y, € 3% But, y, = Syx) @ -+ ®
x,(l';(), x%) € 3, such that Y, 1),

Xk

< ”yn”&@n + 27,1. Then a = (p(y) =

ZnEZ+ @ (yn) = Z)1€Z+ Zk Hm 1 nk ’ Where a(m) = (’0|\5( (m)) With ||§D| ” <lin
mind, infer that

>

n.,k

[Tas

m=1

<
AR) "*"

@M@HQ)=HMM®<w

that is, the series Y, ; [],— a,(l';:) converges absolutely in A (3).

Now assume that J is a finite-dimensional nilpotent Lie algebra with a norm p. It
is clear that J is a B-L algebra. Moreover, the Banach enveloping algebra A (J) is a
norm completion of U (J) by virtue of [9, Theorem 3.1], whence ¢ : U (J) — A(J)

is just the identity embedding. In particular, a,(lk) x( ) and as we have proved above

anl_[m 117( o ))<OO' U

Theorem 8. Let g be a finite-dimensional normed nilpotent Lie algebra with a norm
p» (X, @) a Banach g-module and let Ag = A(g) be the Banach enveloping algebra
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of the B-L algebra g. If Ag > (X, o) then /Q\(a) — M (@) =d () i;(a)+ij(a)d L)
for all a € Ay and J. € oy () Nint (gz‘])), where int (g’("l)) is the topological interior
of the unit ball g’(“l) in g* with respect to the dual norm p*.

Proof. To indicate the norm p, we write A (p) instead of A (g). Note that A (p) is
the norm completion of U (g) by [9, Theorem 3.1]. Take . € g, (%) N int (g’(kl)>. Then
A € A(g) and p* (1) < 1. Let us introduce the norm g on g by setting ¢ (x) =
sup{|u(x)| : u € K}, where K, = {u € g*: p* (1) <e}, where p* (1) <& < 1. It is
beyond a doubt g <ep and g is a B-L algebra with respect to the norm g. Moreover, the
identity map on U (g) is extended up to an algebra homomorphism u : A (p) — A(q),
lull <1, by [9, Proposition 2.2]. Since A € K., one follows that |1(x)| <g (x) and
g* (A) = sup{]4(x)| : ¢ (x) <1} <1. Then 4 € Spec (A (q)), that is, 1 is extended up
to a character A]*@ on the Banach enveloping algebra A (g) of the B-L algebra g
furnished with the norm ¢. Moreover, A|A@ .y = J]A®) | for uly(g) = id. Further, by
Proposition 6 and Remark 3,

iz (ar-an) =Y 0Gar-as_1)i (@) A9 (@51 ap)

whenever all a; € g, where i (a;) € B(B(Ag, X)) is the homotopy operator. Take
ae€ A(p). By Lemma 18, a=}_, | - ar(l',f) is an absolutely convergent (in A (p))

series, where a,(:,:') € g. With continuity of 0 A(p) — BB (Ag, X)) in mind, we
conclude that

0@ = 24P @)=Y (5(]_[ afl’;’)) _ ) A® (H aff?))
m=1

n,k m=1

=y (d i, <]_[ a,g’,f)) +i; (]_[ af;,?)> d (2)) . (6.
n,k m=1 m=1

Moreover, i, (an la;’z)) =y ﬁ(ai}g...alﬁ_l)w (a,(j{)) JJA@ <ar(5(+l) : r(l’;{))
We set i) (a) = Zn,kii (sz lar(l',':)) Let us prove that the latter series converges.
Indeed,

s+ (”)
Ak

i (@ <

0 D) e
CBIES ) 0l®) 65

nk s=1

A(q)
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<[ () (o) Lo
<[lla-omtZp (o) p o) <o

here we took into account that [|i (u)|| <p (u), u € g, and Zn P ( (1)) - p (as,?) <

oo by virtue of Lemma 18. Using (6.1), we infer that 0 (@) = AAP) (@) = d () i;(a)+
i;@d. O

The following assertion generalizes Lemma 7.5 from [6].

Corollary 12. Let g be a finite-dimensional normed nilpotent Lie algebra with a norm
p, (X, ) a Banach g-module and let A(g) be the Banach enveloping algebra of B-L
algebra g. If p (OC (g(l))) < 1 then A(g) > (X, a) and all elements of the algebra A (g)
are splitting over the g-module X.

Proof. As we noted above that the subalgebra of all polynomials taken by g is dense
in A (g). Moreover, one can prove (see [9, Lemma 5.2]) that p (0 (g(l))) <p (oc (g(l))).
It follows that A (g) > (X, ) by virtue of [9, Proposition 2.2] and Definition 4.

Now let us prove that g, () C int (g?‘l)). Take / € oy (). By Proposition 9, 1 (x) €
sp (« (x)), x € g. Therefore

p* () =sup{lA(0)]: p () <1} <sup{p (@) : p (o) <1} <p(a(g)) < 1.

that is, p* (1) < 1 or A € int <9?1))~ By Theorem 8, all elements from the algebra
A (g) are splitting over the g-module X. [

Remark 6. Note that p ( (1)) = max {p (« (x)) : x € g1y} by [27], therefore instead

of the condition p (a (g(l))) < 1 in Corollary 12 one can just demand p (o (x)) < 1 for
all x € g(l)

Corollary 13. Let g be a normed finite-dimensional nilpotent Lie algebra, (X, o) a
Banach g-module and let S be a subset in the Banach enveloping algebra A(g) gen-
erating a quasinilpotent normed Lie subalgebra & < A(g) such that § € Proj. If
p(ac (g(l))) < 1 then A(g) > (X, o) and

ou (d44915) = 0 @) A5, o e



488 A. Dosiev/Journal of Functional Analysis 230 (2006) 446—493

In particular, if dim (&) < oo then § is a nilpotent Lie algebra and

Q]

i (MA(g)m) =o@) A9, e

Moreover, if W C A(g) is a finite-dimensional Lie subalgebra then W, = oc|“4(g) (2)
is solvable and

Ty =2 (x() [Py, T € KES,

where A, is the closed associative hull of o (g) in B (X).

Proof. The assertion on the infinite-dimensional spectral mapping theorem directly fol-
lows from Theorem 6 and Corollary 12.

Now assume that dim () < oco. Demonstrate that & should be nilpotent. Consider the
following set M = {x € & : sp (ad (x) |§) = {0}}. Taking into account that S C M, one
suffices to prove that M is a Lie subalgebra in &. Undoubtedly, AM C M for all A € C.
By Lemma 3, the Banach enveloping algebra A (g) is commutative modulo its Jacobson
radical RadA (g). It follows that & is a solvable Lie algebra and [M, M] C M. By
Lie theorem, M + M € M, whence M is a Lie subalgebra. Therefore § is nilpotent.

The finite-dimensional spectral mapping theorem for & follows from Corollary 8.
Finally, the spectral mapping theorem for the Cartan—Slodkowski spectra follows from
Corollary 10. O

6.3. The Fréchet algebra Og (D)

The next example is the Fréchet algebra Agq = Oq (D) of all holomorphic functions
in elements of g on an absolutely convex domain D C A (g) (see [9]). By definition [9],
Qg4 (D) is the inverse limit of some projective system of Banach enveloping algebras
A (g). One proves [9, Section 5] that Og (D) > (X, ) iff o(x) C D for a certain
ge G

Proposition 11. Let g be a finite-dimensional nilpotent Lie algebra, D an absolutely
convex domain in A(g) and let (X, a) be a Banach g-module. If Oy (D) > (X, o) then
all elements of the algebra Oq (D) are splitting over the module X.

Proof. By using [9, Lemma 5.1], we infer that the condition Og4 (D) > (X, )
implies that p («(g(;y)) < 1 for a certain norm on g and the continuous algebra

homomorphism 0: Oy (D) — B(B(Ag, X)) splits into the superposition Og (D)—n>
A (g) —6> B (B (Ag, X)) of the canonical projection 7 of the inverse limit defining Og (D)
and the bounded homomorphism 6 : A(g) — B(B(Ag, X)) taken on the ground of
A(g) > (X, a) (see Corollary 12). It remains to apply Theorem 8 (note that o, («) C
int (g7, ). O
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In particular, we obtain a generalization of the finite-dimensional spectral mapping
theorem from [9].

Corollary 14. Let g be a finite-dimensional nilpotent Lie algebra, (X, o) a Banach
g-module, D an open absolutely convex neighborhood of some Slodkowski spectrum
o () and let S a subset in Og (D) generating a quasinilpotent normed Lie subalgebra

& € Og (D) such that § € Proj. Then Og (D) > (X, o) and
ou (1N PIg) = 0 @) | H Pz, oe”
In particular, if dim (&) < oo then § is a nilpotent Lie subalgebra and
o (oc|0ﬁ(D)|3) =0 (@) |%D5, seC.

Moreover, if W C Og (D) is a finite-dimensional Lie subalgebra then W, = | Os(D) (9r)
is solvable and

) =2 @) My, TeKS,
where A, is the closed associative hull of o (g) in B (X).
Proof. One suffices to apply Theorem 6, Proposition 11 and Corollaries 8, 10. O
6.4. Formally-radical functions

Our last example is the algebra of all formally-radical functions Fq (D) on an open
subset D C A(g) [10]. One defines a sheaf Fy of Fréchet (noncommutative) algebras
on A(g) such that the enveloping algebra I/ (g) is embedded into the algebra Fq (D)
of all sections over an open subset D as a subalgebra. Note that Fy as a sheaf of
Fréchet spaces is the projective tensor product OQC [[ey, ..., es]] of the sheaf O of
germs of holomorphic functions and the constant sheaf [15, Ch. 2] generated by the
Fréchet space C[[eq, ..., es]] of all formal power series in s-variables e = (ey, ..., ),
where s = dim ([g, g]) Note that e can be interpreted as a basis of [g, g]. Thus

Fg (D) =0 (D)llei, ..., ell (6.2)
is the Fréchet space of all formal power series of s-variables over the space O (D),
whenever D is an open subset in A(g). In particular, 7y = O if g is a commutative

Lie algebra. Fix an open set D C A(g). The algebra O (D) is embedded into Fy (D)
as a closed subspace Sq (D) such that

Fg (D) = S4(D) ® RadFy (D) (6.3)



490 A. Dosiev/Journal of Functional Analysis 230 (2006) 446—493

(see [10] and also [9]). Thus the quotient homomorphism ¢, : Fq(D) — O (D)
modulo the Jacobson radical RadFy (D) is a retraction (as a Fréchet space operator)
with the right inverse ¢p : O (D) — F4 (D) (let us emphasize that ¢p is not an algebra
homomorphism).

Now let X € BS and let o : g — B(X) be a Lie representation such that o ([q q])
consists of nilpotent operators. In this case, we say that o (g) is a supernilpotent Lie
subalgebra in B (X). If D is an open neighborhood (in A (g)) of the Taylor spectrum
oy (o) then there exists a continuous algebra homomorphism oc|f a(D) . Fq (D) — B(X)
extending « [10]. That is the generalization of Taylor functional calculus for commuting
operators [24].

Below, as a corollary of our framework we suggest spectral mapping theorem with
respect to this calculus whenever D is a Stein Fg-rational domain.

We say that D is a Fg-rational domain in A (g) if the full subalgebra R (g) € Fq (D)
is dense in Fy (D). Since ¢p (R (g)) is the subalgebra (in O (D)) of usual rational
functions on D, it follows that the property being approximated by rational functions
of each holomorphic function on the domain D inherits from Fg (D), that is, each Fg-
rational domain in A (g) is O-rational. But, we do not know whether or not a O-rational
domain is Fg-rational. Note that U/ (g) is dense in Fg (D) iff the usual polynomials is
dense in O (D).

Theorem 9. Let g be a finite-dimensional nilpotent Lie algebra, (X, o) a Banach
g-module such that o (g) is a supernilpotent Lie subalgebra in B (X) and let D be
a Fy-rational domain in A(g) containing the Taylor spectrum o (). Then Fy (D) >
(X, ), and all elements from the algebra Fg (D) are splitting over the g-module X
whenever D is additionally a Stein domain.

Proof. Note that B (Ag, X) = @kez, C* (9, X) and 0 = @ycz, Ok, therefore

o (0)= | o) =@V o (00) =01 (2)

keZ 4 keN

by virtue of Corollary 2. Moreover, 0 (a) = Ly — R7(q) for all a € g. By assumption,
all operators o (a) € B(X), a € [g, g], are nilpotent. Then 6 (a) as the difference of
mutually commuting nilpotent operators L) and Rr) (see [6, Lemma 6.1]) is a
nilpotent operator, therefore 0 (g) is a supernilpotent Lie subalgebra in B (I3 (Ag, X)).
Using the functional calculus theorem [10] for the sheaf g and with respect to the
Lie representation 6 : g — B (B (Ag, X)), we infer that 6 extends up to a continuous
algebra homomorphism 0 : F4 (D) — B (B (Ag, X)). Moreover, 0 (R (g)) is dense in
0(F4 (D)), thereby Fy (D) > (X, &) by Definition 4.

Now additionally assume that D is a Stein domain. Take a € Fg (D) and 4 € o (2) C
D. One suffices (see Definition 5) to prove that

0(a) — 7P (a) = d (2)ij (@) +ij (@) d (A)
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for some i) (a) € B (B (Ag, X)), where d (1) is the differential of C® (a — 1). By (6.2),
the element a has unique expansion a =), ezs, 4 -e’ as a formal power series, where
ay € S8q(D), e is a basis [g, g], and ay-e/ = aje{I .- -e!‘y is the multiplication of rele-
vant elements in the algebra F5 (D), J = (ji, ..., js). By (6.3), a € RadF4 (D) iff a =
Zm>oal -e’, where |J| =Y, jk. For each tuple J € Z%, |J| > 0, the most nonzero
index in J is denoted by m; and we set J = (ji,..., jm;—1,0,...,0) € Z%. Then
ar =Y jep as - €’ € Fg(D) (see (62)), where My = {J € Z° : |J| > 0,m; =k},
1<k<s. First, assume that a € RadFg (D). Using Corollary 3, we infer that

/(j(a)—/ﬂ}—ﬂw) (a) =/(7(a)=/(7 ZS: Z ay-e’ =XS: Z 5(61] -eY)O(ek)

k=1 JeM; k=1 JeM;

-3 E(a, -e7) @ ()i (ex) +i(ex)d (7))

k=1 JeM;
S (4@ (ar- )i+ (ar )i @0 d )
k=1 JeM;

=d(W)i(a)+i(a)d (),

where i (a) = Z‘fc:lb\(ﬁk)i (ex). Further, assume that a € Sq (D), that is, a = ¢p (f)
for some f € O (D). By assumption, D is a Stein domain. By Hefer’s decomposition
theorem [20, Ch. 5, Section 2.2], f— f (1) = > j_, gk - (zk — /) for some gx € O (D),
where m = dim (g/ [g, g]), A (g) is identified with the complex space C", z; are the
coordinate linear functions on C” and A= (41,..., 4). Then

a— TP @) =ep (f = fO) =) ax- (= () +b,

k=1

where ar = ep (gk), Xk = ep (zk) € 6, b = Y oy (ep (gk - (zk — A1) — ax - (xk—
2 (xx))). Note that

m

op (1)Y= (@pep (8 - @k — ) — @p (ak - (xx — 4 (x1))))
k=1

m

=> (g (k=) — ¢p (@) - ¢p (xx — 4 (x1))) =0,
k=1
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whence b € RadFg (D) and E(b) =dA)i () +i(b)d (L) as we have proved above.
Finally,

0(ay — 25D (@) =3 "0 @) - (0 () — 2 ) +0(b) =d (Wi (@) +i; (@) d (7).
k=1

where i; (a) = ZZI:l’H\(ak)i (xx)+i (b). By appealing (6.3), we obtain that all elements
of F4 (D) are splitting over the g-module X. [J

Corollary 15. Let g be a finite-dimensional nilpotent Lie algebra, (X, o) a Banach
g-module such that o (g) is a supernilpotent Lie subalgebra in B (X), D a Stein Fg4-

rational domain in A(g) containing the Taylor spectrum oy (o) and let S C Fy (b)
be a subset generating a quasinilpotent normed Lie subalgebra § C Fy (D) such that

& € Proj. Then Fy (D) > (X, %) and
o, (OC|‘7:“(D)|%) =0 (@) D5, e
In particular, if dim (&) < oo then § is a nilpotent Lie subalgebra and
o (OC|]:9(D)|8.> =o@) 7P|z et

Moreover, if W C Fy (D) is a finite-dimensional Lie subalgebra then N, = | Fs (D) (1)
is solvable and

Ty =T (@ (@) My, T e K|S,

where Ay is the closed full subalgebra in B (X) generated by o (g).

Proof. Note that F3 (D) is commutative modulo its Jacobson radical therefore if §
generates a finite-dimensional quasinilpotent Lie subalgebra then it is automatically
nilpotent. By appealing Theorems 6, 7, 9 and Corollary 8, we end the proof. [
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