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LOCAL OPERATOR ALGEBRAS, FRACTIONAL POSITIVITY
AND THE QUANTUM MOMENT PROBLEM

ANAR DOSI

ABSTRACT. In the present paper we introduce quantum measures as a concept
of quantum functional analysis and develop the fractional space technique in
the quantum (or local operator) space framework. We prove that each local
operator algebra (or quantum x-algebra) has a fractional space realization.
This approach allows us to formulate and prove a noncommutative Albrecht-
Vasilescu extension theorem, which in turn solves the quantum moment prob-
lem.

1. INTRODUCTION

The paper deals with the quantum, or quantized measures as a concept of local
operator space (or quantum space) theory [26], [I2], [9]. Quantum spaces play
the role of locally convex spaces in quantum functional analysis [11], [14] (see also
[16]). They unify various mathematical structures such as unbounded operators
on a Hilbert space, multinormed C*-algebras and locally convex spaces under the
same matrix framework [9]. Thus each quantum space or local operator space can
be realized as a subspace of the multinormed C*-algebra of unbounded operators
with its canonical quantum (or matrix) topology [7], whereas a normed quantum
space or operator space is identified [12] 2.3.5] with a subspace in the C*-algebra
B (H) of all bounded linear operators on a Hilbert space H.

One of the fundamental concepts of classical functional analysis is that of spec-
tral measure, which is the basic tool in the operator moment problem. The problem
is to find a positive operator-valued measure which expresses an integral represen-
tation for the given unital linear mapping from the algebra of all complex-valued
polynomials in several real variables into the space of all sesquilinear forms on a
pre-Hilbert space. Namely, fix an inner-product space A whose completion is the
Hilbert space K, SF (A) is a linear space of all sesquilinear forms on A, and let
P: be an algebra of all complex-valued polynomial functions in n-real variables
t = (t1,...,ts). The operator moment problem [23] with respect to a fixed unital
linear mapping (or distribution) ¢ : Py — SF (A) is to find a positive measure F'
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over all Borel subsets of R™ with the operator values in B (K) such that

6(p (1) (2, 7) = / p(t)dF, ,

for all p(¢t) € P and z € A. In this case the mapping ¢ : Py — SF(A) is
called a moment form and F' is a representing measure for ¢. If the measure F'
is focusing on a fixed closed set L C R"™, then we say that ¢ is an L-moment
form. Since an operator-valued positive measure F' might be treated as a unital
(matrix) positive linear mapping ¥ : C'(Q) — B(K), ¥ (f) = [, fdF, on the
algebra of all complex continuous functions C (2) over some compact topological
space €2, the operator moment problem can be thought of as a matrix positive
extension problem of the original mapping. Consequently, this problem has purely
quantum nature; just recall Arveson-Wittstock type extension theorems [12], [26].
The main tool in this approach uses the fractional space machinery developed in
[2] by Albrecht and Vasilescu, and in [24], [25] by Vasilescu. Considering P; as
a fractional subspace of the fractional space associated by the commutative C*-
algebra C ((Ru)"™), the original “positive” mapping ¢ : P, — SF (A) is extending
up to a “positive” mapping over the fractional space, which in turn generates the
required positive mapping ¥ : C ((Rx)") — B(K), where R, = R U {oc} is the
point compactification of the real line R. Replacing R™ by its closed subset L and
(Roo)" by the closure of L in (Ry,)", the operator moment problem has a solution
in a similar manner, just demanding the original mapping ¢ : Py — SF (A) to be
L-compatible in the sense that ¢ (p (t)) = 0 whenever p (L) = {0}.

A simple quantum review (see [§]) of the considered real variables tq,...,t,
amounts to the quantum measures, which is the central concept of the present
manuscript. We are replacing the complex-valued polynomial functions in sev-
eral real variables ti,...,t, by elements of a local operator algebra (or quantum
x-algebra) generated by several symmetric unbounded operators T1,...,T, on a
Hilbert space. The quantum moment problem asks whether a given distribution
over the polynomial algebra Pr would determine a quantum measure. This general
form of the quantum moment problem can be used in various applications (see [5],
[18], [1]). The fractional space construction has been quantized in terms of the
quantum (or local operator) systems (see [9]). We prove that each local operator
algebra (or quantum x-algebra) is a fractional subspace of the multinormed C*-
algebra of all noncommutative continuous functions on a quantum domain. The
quantum measures are introduced as matrix positive mappings over the quantized
fractional space. In particular, the operator moment problem turns out to be a
“functional version” of the quantum one. Based upon a locally convex version of
the Arveson-Wittstock theorem [J] and the fractional space technique, we derive
the existence of a quantum measure that would lead to the solution of the quantum
moment problem. The crucial role in this approach plays the fractional positivity.
To be precise, let us present some details.

Fix a Hilbert space H with its upward filtered family £ ={H,} of closed sub-
spaces whose union D is a dense subspace. So we have a net p ={P, } of projections
in B (H) such that limp =15 SOT. The space D can be thought of as a quantiza-
tion of the space R™ (which is the union of its directed compact subsets), whereas
H plays the role of (Ry)". By the x-algebra C% (D) of all “noncommutative con-
tinuous functions” over the domain £ with its union space D [9], we mean the set of
those linear transformations 7' : D — D such that P,T C TP, for all & € A. Thus
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each T' € C% (D) being an unbounded operator on H with the domain dom (T') = D
admits an unbounded dual 7% such that D C dom (T*) and T* = T*|D € Cz (D).
The correspondence T' — T* is an involution in Cf (D), and we have a family of
C*-seminorms

1T, =ITHallgm,y, T€Ce(D), acA

It can be proved that C% (D) turns out to be a unital multinormed C*-algebra
with respect to the indicated involution and the family of seminorms (see [9]). In
particular, it possesses a canonical quantum space structure (see [9]). By a quantum
x-algebra we mean any *-subalgebra in C% (D). We also introduce the C*-algebra
C% (H) of all bounded operators T' € B (H) such that TP, = P,T for all ; that is,
C% (H) =y’ is the commutant of p in B (H). The algebras C¢ (D) and C% (H) are
the quantized (or noncommutative) versions of C' (R") and C ((Ro)"), respectively.
We mention that Cf (H) can be identified with a dense subalgebra in C% (D) (see
Section [l by means of the restriction mapping T — T|D.

A self-adjoint element m € Cf (H) is said to be a denominator if it is an &-
bijection; that is, m|H, is invertible in B(H,) for all @. The relevant fractional
space is defined as

Ce (H) /m={T/m:T € C¢ (H)},

where T'/m = (T|D) (m|D) " is an unbounded operator on H. Actually, C:(H)/m
is a dense subspace in Cf (D) (Section [F]). Moreover, it possesses a canonical op-
erator space (or normed quantum space) structure derived from the C*-algebra
C% (H). For a (unital) subset M C Cf (H) of denominators the relevant fractional
space is denoted by C% (H) /M. Thus

Ci(H)/M =Y Ci(H)/mC CE(D).
meM
Replacing C% (H) by some C*-subalgebra Jg, one may introduce a fractional space
Je/M in a similar manner (see Definition [£.2)). Being an inductive limit of the
normed operator spaces, the fractional space Jeg/M turns out to be a quantum
space. The fractionality is preserved over all matrix spaces My, (J¢/M), k € N.
Namely, for each k we have

My, (Je/M) =Y My (Jg) / (m-1ge) =My (Jg) / (M - 1pgs).
meM
Using the Cayley transform technique, one may derive that each quantum *-algebra
V C Cf (D) is a fractional space. In particular,

Cz(D) =Y Cz(H)/m.

Each fractional space Jg/M has the cone (Jg/M )+ of positive elements. Namely,
an element b € Jg/m is said to be fractionally positive if b = Zle T;/n; for some
T; € Je, n; € M, such that all T; > 0 and ni_lm are bounded. Similarly, we have
the cones My, (Je/M )+, k € N. This positivity strongly depends on the choice of
the denominator set M. Further, let A be an inner product space whose completion
is the Hilbert space K. By a quantum B (K )-valued measure on Jg (with respect to
M ) we mean a unital matrix positive linear mapping ¥ : J¢ — B (K) which has a
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matrix positive sesquilinear extension y : Jp /M — SF (A). Namely, assume that
the functionals

fay 1 Je = C,  pay (T) = (¥ (T) z,y)
have linear extensions fiy , : Je/M — C, z,y € A, such that the mapping A x A —
C, (z,y) — fig,y (b) is a sesquilinear form on A for each b € Jar/M. Then we say
that the linear mapping

W3 /M = S (D), u(b) (2,5) = finy (b)

is a sesquilinear extension of W. Further, the mapping u is matrix positive if for
each k € N and = = [z;] € A* the mapping

Ae (0) o e, (1)
plf s My (3 /M) = My, plH (0) = | 5

~(k ~(k

,LL(Il),Ik (b) e Mgfk)yxk (b)

is fractionally positive. We briefly say that ¥ : J¢ — B (K) admits a sesquilinear
extension u : Jpr/M — SF (A) which is fractionally matrix positive.

Now let us consider mutually commuting symmetric operators T = (T4, ..., T,)
in C§ (D), that is, T; = T} for all 4, instead of the real variables t = (¢1,...,%,) in
the classical operator moment problem. They are quantum variables or operators of
observables. The unital associative subalgebra in C¢ (D) generated by T is denoted
by Pr. Obviously, Pr is a quantum *-algebra in C% (D). The tuple T generates a
set of positive denominators

M={(+T2) 7" (14 T2) 7" 5 h = (e M) €20 )

in Cf (H). Let M} be the commutant in Cf (H) of the set M, which is a unital
(noncommutative) C*-algebra. So, we have a fractional space M /M. The algebra
MY plays the role of C ((Rx)"). Moreover, Pr is a fractional subspace in Mf /M.
Thus the quantum moment problem with respect to a fixed unital linear mapping
¢: Pr — SF (A) is to find a quantum B (K )-valued measure p on the C*-algebra
MY such that
¢ (p(T)) (z,2) = iz (p(T))

for all p(T) € Pr and « € A. In this case the mapping ¢ : Pr — SF (A) is called
a moment form and p is a representing quantum measure for ¢.

The main result (see Theorem[(3]) of the paper is the noncommutative Albrecht-
Vasilescu extension theorem (see [2, Theorem 2.5] for the functional case), where a
matrix contractive inner-product mapping ¢ : F — SF (A) on a fractional subspace
F C Jm/M is extended up to a unital matrix positive mapping ¢ : Jy /M —
SF (A) with the required properties. Each such extension produces a quantized
measure on s automatically (see Proposition[:2]) and solves the quantum moment
problem.

It is worth noting that the classical functional scheme of the construction can
be thought of as a particular case of the quantized one. Indeed, set H = L? (R™)
and H, = {f € H:supp(f) C K,}, where {K,} is an upward filtered (count-
able) family of a compact subset in R™ such that R® = | J K,. The real variable

(e}

ti can be identified with the unbounded multiplication operators on H. Then
ti (Hy) C H, and tg|H, € B(H,) for all k and a. Thus the algebra P; of all
polynomial functions turns out to be a quantum x-algebra in the algebra C§ (D) of
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all noncommutative continuous functions on a quantum domain £ = {H,} with its
union space D =] H,.

«
Finally, confirm that some of the results of the present paper have been an-
nounced in [§].

2. PRELIMINARIES

The set of all positive integers is denoted by N, and C denotes the complex
number field. The unit circle in C centered at the origin is denoted by T. The
direct product of complex linear spaces ' and F' is denoted by E x F', and we put
E* for the k-times product E x- - -x E. The linear space of all linear transformations
between FE and F is denoted by L (E, F'), and we write L (F) instead of L (E, E).
The identity operator on E is denoted by Ig or just I. It is the unit of the associative
algebra L (E). Take T € L (FE). The n-fold inflation 7% =T @ ---& T € L(E")
of T'is acting as (;); — (T'x;);, x; € E, 1 <i < n. If T leaves invariant a subspace
F C E, then T|F denotes the restriction of 7" onto F. The kernel of T' is denoted
by N (T).

The domain of an unbounded operator T' on a Hilbert space H is denoted by
D(T). The range of T is denoted by R (T). For unbounded operators T and
S on H we write T C Sif D(T) C D(S) and Tz = Sz for all x € D(T). If
T is a densely defined operator on H, then T* denotes its dual operator. Thus
(Tz,y) = <x,T*y> foralz e D(T),y € D (T*), where (-, ) is the inner product
in H. An unbounded operator T on H is said to be symmetric if T C T* (see [20,
13.13.3]); that is, (T'w,y) = (x, Ty) whenever z,y € D(T). If T = T*, then T is
said to be self-adjoint. The closure of a closable operator T is denoted by T'. Recall
that a densely defined closed operator T on a Hilbert space H is said to be normal
ifD(T)="D (T*) and T*T = TT* [20, 13.13.29]. Obviously, every self-adjoint
operator is normal.

The C*-algebra of all continuous functions f : Q@ — C on a compact (Hausdorff)
space § with the uniform norm || f||,, = sup {|f (w)| : w € Q} is denoted by C (©).
The C*-algebra of all bounded linear operators on a Hilbert space H is denoted
by B (H). The usual spectrum of an operator T € B (H) is denoted by o (T).
A unital commutative C*-subalgebra A C B (H) is called a normal algebra. A
typical example of a normal algebra is the unital C*-algebra generated by a normal
operator. The space of characters of A equipped with the weak* topology from the
norm dual A* is denoted by Spec (A). The Gelfand transform of an element T' € A
is denoted by T, so, T € C (Spec (A)), T () = A (T).

Lemma 2.1. Let A be a normal algebra in B(H) and let M C H be a reducing
subspace of A. Then AIM = {T|M : T € A} is a normal algebra in B (M), and
if E and E' are spectral measures of A and A|M, respectively, then E (w)|M =
E' (wn Spec (A|M)) for each Borel subset w C Spec (A).

Proof. First, note the restriction mapping A — B (M), T — T|M, is a *-homomor-
phism, since M is a reducing subspace of A. It follows that A|M as the range of
this *-homomorphism is a commutative C*-algebra (see for instance [15] 4.7.83]). If
Ing ={T € A:T|M = 0} is the kernel of the *-homomorphism, then the canonical
identification (A|M)* ~ I3; is a weak* homeomorphism, where I3; C A* is the
annihilator of Ip;. In particular, Spec (A|M) is identified with a compact subset
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in Spec (A). Fix z,y € M. If T € A, then Tlspeciainny (A) = M(T) = A (T|M) =
T|M (\) and

TdE,, = (Tz,y) = (T|Mz,y)

Spec(A)

= / T|MdEg/c7y = / TXSpec(AIM)dEQ/c,y'
Spec(A|M) Spec(A)

It follows that dE, , = Xspec(a|m)dEy , or B, (w) = E. , (wNSpec(A[M)) for
each Borel subset w C Spec (A4). But the latter is true for all x,y € M, hence
E (w)|M = E' (w N Spec (A|M)). O

The following lemma of the mathematical folklore will be used later, and its
short proof has been proposed by F.-H. Vasilescu.

Lemma 2.2. Let A be a normal algebra in B (H) and let {Hu},cp be an upward

filtered family reducing subspaces of A such that their union |J H, is dense in H.
acA
Then Spec (A) is the closure of the union of all Spec (A|H,); that is,

Spec (4) = U Spec (A|Hy).
acA
Proof. Each A|H, is a normal algebra in B (H,) thanks to Lemma 211 Let E,
be the spectral measure of A|H,, E the spectral measure of A, 0 = Spec (A4), and

let 0, = Spec (A|H,) for all @« € A. We also set 09 = |J 0. Clearly, oy C o.
acA
By Lemma 21 F(w)|H, = E4(wNo,) for each Borel set w C o. If 09 # o,

then o \ 0¢ is a nonempty open subset in o. Therefore E(o \ 0¢) # 0 [20, 12.22
(d)]. Take a unit vector z € R(E(o \ 09)). Taking into account that the union
\UH, is dense in H, we conclude that there exists a sequence (z,, ) convergent

«

to x, where zo, € H,,, n € N. Using Lemma [Z1] again, infer that F (o¢)z =
lim,, E (00) 2o, = lim, (E (00) |Ha, ) Ta, = lim, (Ea, (04,)) Ta, = lim, z,, = x;
that is, z € R (E(09)). But the ranges of the projections E(o \ 09) and E(o¢) are
orthogonal to each other. Then x = 0, a contradiction. Whence og = 0. ([

Corollary 2.1. LetT € B(H) be a normal operator and let { Hy} ., be an upward

filtered family reducing subspaces of T such that their union |J) H, is dense in H.
aEA

Then o (T)= U o (T|Ha).
acA
Proof. Tt suffices to apply Lemma to the normal algebra A generated by T and

to use the well known formula o (T') = {f (M) : A € Spec (A)} O

2.1. Quantum spaces. The linear space of all m x n-matrices x = [z;;] over a
linear space E is denoted by M,, ,, (E), and we set M, (E) = My, (E), My, =
My, (C). Further, M (E) denotes the linear space of all infinite matrices [z;;]
(x;; € E), where all but finitely many of x;; are zero. If E = C we write M
instead of M (C). Each M, ,, (E) is a subspace in M (E) comprising those matrices
z = [x;;] with ;; = 0 whenever i > m or j > n. Moreover, M(E) = lim My, , (E)
is the inductive limit of these subspaces. Note that M, , (L (E)) = L(E™, E™)
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up to a canonical identification. In particular, M, (L (F)) = L (E™). The space
M, (E) (respectively, M(E)) equipped with a certain polynormed (or locally
convex) topology, is denoted by My, » (E) (respectively, M (E)). For instance, if
E = H is a Hilbert space, then M,, (B (H)) = B(H") = M,, (B(H)). In particular,
M., » is the space M, , with the operator norm [|-|| between the canonical Hilbert
spaces C™ and C™. Take a € M, 5, v € M4 (E) and b € M, ,,. The matrix product

avb € M, ,, (E) is defined by the usual way, avb = {Zk,l aikvklblj} . The direct sum

of matrices v € My, (E) and w € M, , (E) is denoted by v & w € My 14n (E).
A linear mapping ¢ : E — F has the canonical linear extensions (™) : M, (E) —
M, (F), ™ ([z45]) = [¢ (zi;)], n € N, over all matrix spaces. We also have a linear
mapping ¢(*) : M (E) — M (F) such that () |M,, (E) = ¢(™, n € N.

Let p(™ : M, (E) — [0,00], n € N, be gauges (respectively, seminorms) over all
matrix spaces. The family p = (p(”))neN is said to be a matriz gauge (respectively,
a matriz seminorm) [13], [12], [26] on F if p possesses the following properties

M1 p ) (0@ w) < max {p™ (v),p (w) },
M2 p™ (avd) < ||al| p™ (v) ||b]

for all v = [v;;] € M, (E), w = [w;;] € M, (E), a € Mym, b € My, n,m € N
Note that M2 implies that

2.1) W (vi) = pW (evey) < pt™ (v) = p™ (Z 6;-“%';'6]‘) <> " p® (v3))

for any v = [v;;] € M, (E), where ¢; are the canonical row matrices. Let p
and ¢ be matrix gauges on E. We write p < ¢ whenever p™ < ¢ for all
n € N. It is a partial order structure over all matrix gauges on E. In particular,

we define sup, p, = {supL pEn) 'n € N} for a family {p,} of matrix gauges on F.

Note that for a matrix gauge p on E, M1 implies that we have a well defined
gauge p(>®) : M(E) — [0, 00] given by the rule p(>) (z) = p(™ (z), x € M, (E).
Furthermore the relation p < ¢ for matrix gauges turns out to be a usual relation
p() < ¢(°°) between the gauges on M (E). If p is a matrix gauge, then the
corresponding p(>) is a M-module gauge on M (F) [13]; that is, p(>) (z +y) =
max {p(‘x’) (z),pl>) (y)} for orthogonal elements z, y € M (E), and p(>) (azb) <
llal| p> (x) ||b]| for all a,b € M, & € M (FE). Moreover, this correspondence is
a one-to-one relation between the matrix gauges on E and M-module gauges on
M (E) [13]. If {p,} is a family of matrix seminorms on F, then obviously sup, p, is
a matrix gauge on E and (sup, pb)(oo) = sup, pfoo).

A linear space E with a (separated) family of matrix seminorms {p, : @ € A} is
called an abstract quantum space or local operator space. Note that the quantum
space structure on F determines a polynormed (Hausdorff) topology on M (E) by

means of the family of seminorms {p&oo) o€ A}. The relevant polynormed space

is denoted by M (E). A linear space FE is said to be a normed quantum space or an
operator space if E is equipped with a matrix norm. Recall that a concrete normed
quantum space E is defined as a subspace of B (H) for a certain Hilbert space H
(see [12, 2.1]). The inclusions M, (E) C M,, (B(H)) = B(H"), n € N, determine
the relevant matrix norm on F.
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Let E be a quantum space. Then each matrix space M, (E) turns into a poly-
normed space (or a normed space in the normed quantum space case) denoted

by M,, (E) with a defining family of seminorms {p&n) fa € A}; that is, M, (E) is
just a closed subspace in M (E) (see (ZI))). The matrix seminorms {p, : « € A}
and {g, : ¢t € Q} on the same space E are assumed to be equivalent if for each

a € A there corresponds a finite subset F' C Q and a positive constant Cyr such
that po <X Carsup{q, : ¢ € F} and vice versa; that is, the family of seminorms

{p(aoo) = A} and {qfoo) = Q} on M (E) are equivalent in a usual manner. By

a defining matrix seminorm family we mean any matrix seminorm family that is
equivalent to the original one. Obviously, all equivalent families of matrix semi-
norms define the same topology on M (FE), in particular, over all matrix spaces
M, (E), which is just the direct-product topology inherited by means of the canon-
ical identifications M, (E) = E" (see (1)), n € N. Given a defining family of
matrix seminorms, one also has its saturation {sup {p, : @ € F'} : F C A}, where F'
runs over all finite subsets. Note that the saturation is an upward filtered family of
matrix seminorms which is equivalent to the original family. Thereby, when conve-
nient, one can assume that the considered family of matrix seminorms is saturated.

Let E and F be quantum spaces with their (saturated) family of matrix semi-
norms {p, : @ € A} and {q, : ¢ € Q}, respectively. A linear mapping ¢ : £ — F
is said to be matriz continuous if for each ¢ € Q there corresponds a € A and a
positive constant C,, such that qfoo)ga(‘x’) < Cmpﬁf"). If ¢ is invertible and ! is
matrix continuous too, then we say that ¢ is a topological matrix isomorphism. If
C,o < 1 for all possible ¢ and «, then ¢ is called a local matriz contraction with
respect to the families {p, : « € A} and {q, : « € Q}. Finally, a matrix injective
mapping ¢ (all (™ are injective) is said to be a local matriz isometry if Q@ = A

and q((yoo)ga(oo) = p(aoo) for all .

2.2. Quantum domains. Let H be a Hilbert space. By a quantum, or quantized
domain (or merely a domain) in H we mean an upward filtered family &€ = {Ha} ¢
of closed subspaces in H whose union D = | J £ is dense in H. Note that D is a linear
subspace in H called the union space of the quantum domain €. If € ={Ha},cp
and K ={K,} ., are domains in H, then we write & C K whenever A = Q and
H, C K, for all « € A. Thus £ = K if and only if £ C KL and K C £. Further, the
domains & = {Hu},cp and K ={K,}, ., in H are assumed to be equivalent & ~ K if
for each o € A there corresponds ¢ € Q with H, C K,, and vice versa. We note that
the equivalent domains have the same union space. In particular, the disjoint union
EVK={H,, KL}O(EA,LEQ is a domain in H with the same union space D, whenever
& ~ K. Each domain € = {H,},c, in H automatically associates a projection net
p ={Pa},cp in B(H) over all subspaces H,, o € A, such that 1z = limp (WOT)
(see [9]).

Let us introduce the algebra of all noncommutative continuous functions on a
quantum domain € ={Hu} ,cp with its union space D as

(2.2) Ce (D) ={T € L(D): TPy = P,TP, € B(H), acA},

where p = {Ps},c, is the projection net associated with €. Thus T'(H,) € H, and
T|H, € B(H,) whenever T € C¢ (D). Obviously, C¢ (D) is a unital subalgebra in
L (D).



LOCAL OPERATOR ALGEBRAS 809

We also introduce the *-algebra of all noncommutative continuous functions on
a quantum domain £ as the subalgebra

(2.3) C:D)={TeCe(D): P, TCTP,, acA}
in C¢ (D). Each unbounded operator 7' € Cf (D) has an unbounded dual 7% on
H such that

DCD(T*), T*(DP)CD and T*=T*DeC:(D).

The correspondence T +— T™* is an involution on Cf (D), thereby Cf (D) is a unital
x-algebra. Conversely, if an unbounded operator T' € Cg (D) admits an unbounded
dual T* such that T* = T*|D € C¢ (D), then T € C§ (D). In particular, C} (D)
consists of closable unbounded operators (see [9, Proposition 3.1] for the details).
Moreover, if Cg (D), ,, is the set of all symmetric unbounded operators from the
algebra Cg (D), then

(2.4) Ce (D) gy = C£ (D)},
where Cg (D), is the set of all hermitian (or self-adjoint) elements of the *-algebra
C¢ (D).

Any Hilbert space H can be treated as a quantum domain & ={H}. In this
case Cg (D) = C% (D) = B(H). Note also that the family of all finite dimensional
subspaces of a dense subspace in a Hilbert space is an example of a quantum domain.
The algebra CZ (D) can be treated as a quantized version of the (commutative)
multinormed C*-algebra C' (R™) of all complex continuous functions on R™ equipped
with the compact-open topology. Respectively, the space D can be referred to as a
quantized version of the space R™ exhausted by an increasing family of its compact
subsets. In this manner, one can also introduce the following algebra:

Ci(H)={T € C5(D):D(T) = H}.

The elements of Cf (H) represent analogs of bounded continuous functions in
C (R™) or continuous functions over the point compactification of R”. The fol-
lowing assertion justifies this analog between classical and quantized theories.

Lemma 2.3. The algebra C% (H) consists of bounded operators and
C: H)={T eB(H): TP, =P, T, acA}.
In particular, C§ (H) is a C*-algebra in B (H).

Proof. Take T € Cf(H). Then T is an unbounded operator with D(T) = H
and TP, = P, T € B(H) for all « € A. Tt follows that Tx = lim, P,Tx for
each x € H. Taking into account that A is an upward filtered set, we deduce
that sup {||PoTz||} = lim ||P,Tz| = ||Tx| < oo for all z € H. Using the Uniform
Boundedness Principle (see for example [17, 7.2.5]), we deduce that sup {||P.T||} <
oo, which in turn implies that ||Tz|| = sup {||PaTz||} < sup{||P.T} ||z||; that is,
T e B(H). O

Now fix a positive integer n and consider the n-th Hilbert space power H™
of the Hilbert space H. If £ ={Ha},c, is a quantum domain in H with its
union space D, then so is £" = {H]} ., in H" whose union space is D". If
p ={Pa},cn is a projection net associated with £, then so is p®"={P"} associ-
ated with £". Furthermore, we have M, (Cg¢ (D)) = Cgn (D) and M, (C% (D)) =
C%. (D). Thus if T € M, (Cg (D)), then T leaves invariant each subspace H} and
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ITHE gy = IPE"TPE™. Put po=(p”) _ . where pi” (1) = | P TPE"]

T € M, (C¢ (D)), @ € A. The family {p, : @ € A} is an upward filtered family of
matrix seminorms on Cg (D), which defines a matrix topology on Cg¢ (D). If £ ~ K
for some domain K in H, then both matrix topologies on C¢ (D) and Cx (D) coin-

cide on C¢ (D) N Ck (D) = Cevi (D). Moreover, {p((ll) T € A} are multiplicative

seminorms on Cg (D), which are C*-seminorms on the *-subalgebra C% (D). Thus
C¢ (D) has a canonical quantum space structure given by the family {p, : @ € A}
of matrix seminorms associated with the domain £. Moreover, the quantum space
C¢ (D) is complete; therefore Cg (D) is an Arens-Michael algebra [15] 2.1] whose
x-subalgebra C% (D) is a multinormed C*-algebra [9].

2.3. Concrete models. Now we introduce concrete quantum spaces, quantum
systems and quantum *-algebras as relevant subspaces in Cg¢ (D) compatible with
its interior structures.

If V is a linear subspace in C% (D), then we set V* = {T* : T' € V'} for the space
of all dual operators taken from V. A linear subspace V C Cf (D) is said to be
self-adjoint (respectively, unital) if V* =V (respectively, Ip € V).

Definition 2.1. Any linear subspace in C¢ (D) is called a concrete quantum space
on a quantum domain £. A unital self-adjoint subspace in C¢ (D) is called a quan-
tum system. If T'S € V for all elements T, S of a quantum system V', then we say
that V is a local operator algebra or a quantum x-algebra.

The completion of the concrete models introduced in Definition 2.1l remain the
same concrete models. In particular, if V' C Cf (D) is a local operator algebra,

then its completion vV C C% (D) is a multinormed C*-algebra called a gquantum
C*-algebra.

Let V C C% (D) be a local operator algebra. An element T' € V is called locally
hermitian if T = T* on a certain subspace H,; that is, T|H, = T*|Hy = (T|Ha)"
in B (H,). In this case, we write T' =, T™*. If the latter is true for all «, we say that
T is (globally) hermitian; that is, T' € Cg (D),. An element T' € V is said to be
locally positive if T >, 0; that is, T|H, > 0 in B(H,) for some o € A. Similarly,
it is defined a (globally) positive element in V.

Let V C C¢ (D) and W C Cf (O) be quantum systems on the quantum domains
& ={Hus},cp and K ={K,},. with their union spaces D and O, respectively. A
linear mapping ¢ : V. — W is said to be locally positive if for each ¢ €  there
corresponds o € A such that ¢ (v) >, 0 whenever v >, 0, and ¢ (v) =, 0 if
v =4 0, v € V. For brevity, we write ¢ (v) >, 0 whenever v >, 0. Further, a
linear mapping ¢ : V. — W is called local matrix positive if for each ¢ € € there
corresponds o € A such that (™ (v) >, 0 (that is, (™ (v) |K™ > 0) whenever
v >, 0 (that is, v|H? > 0), and ™ (v) =, 0 if v =, 0, v € M,, (V), n € N. Thus
©™ (v) >, 0 whenever v >, 0, v € M,, (V), n € N. In particular, all (™ are local
positive maps.

Finally, if for each ¢ € Q there corresponds o € A such that Hgo(”) (v)HB(Kn) <
[vllggny for all v € My (V), n € N, then we say that ¢ : V. — W is a local

matriz contraction. Moreover, if @ = A and [|¢(™ (v)HB(Kn) = |[vllg(grny for all

ve M, (V),neN, ac A, then ¢ is called a local matriz isometry.
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3. THE CAYLEY TRANSFORM

In this section we use the Cayley transform to describe the multinormed C*-
algebra C% (D) of all noncommutative continuous functions on a domain € with its
union space D.

3.1. The set ¢ of unitary operators. Let H be a Hilbert space and let T be a
densely defined operator on H. We investigate the Cayley transform of a symmetric
operator T' which leaves invariant its domain D (T); that is, T (D (T)) C D(T)
(see also [21], [25]). For the sake of the reader we introduce some details of this
construction.

Lemma 3.1. Let T be a densely defined symmetric operator on H such that
T(D(T)) CD(T). Then T is self-adjoint iff D(T) = H.
Proof. If D(T) = H, then T =T, for T is symmetric.

Now assume that T is self-adjoint. So, T is a densely defined closed operator.
Then R (14 T?) = H by virtue of [20}, 13.13.13]. Since (T +4) (T’ —i) = 1+ T2, it
follows that R (T +i) = H. But (T +4)x = Ta+ix € D(T) for T (D (T)) C D(T);
that is, R (T +4) C D(T). Whence D (T) = H. O

Let T be a densely defined symmetric operator such that T (D (T')) C D (T') and
let Ur be the Cayley transform of T'. According to the definition [20} 13.17], Uy is
an isometry between D (Ur) = R (T + i) and R (Ur) = R (T — i) such that

Ur(Tx+ix)=Tx —iz, ze€D(T).
Note that R (T'+ i) C D (T) and R (T — i) C D (T). Moreover,
I—-U}'ﬁD(UT)——%?e(I—-UT)ZfD(T)
is one-to-one, and I — Up = 2i (T +14) .
Conversely, if V' is a partial isometry on H such that I -V : D (V) - R (I - V)
is one-to-one, then V is the Cayley transform of a symmetric operator
S:DS)=R(I-V)—=>R(), Si-Vz)=i(z+Vz), ze€D(V).
Thus V=Usand D (V) =R (S+1i), R(V) =R (S —1) [20, 13.13.19].
Lemma 3.2. Let T be a densely defined symmetric operator on H. Then
T(D(T) CD(T) iff R(I+Ur) CR(I-Ur).

Proof. Put V = Up. Since I+V = 2T (T +4) ", it follows that R (I + V) = R (T).
Hence T leaves invariant its domain if and only tRUI+V)=R(T)CDT) =
R(I—V);thatis, RU+V)CR{I-V).

O

Now let £ ={H, : a € A} be a quantum domain in H with its union space D
and let T € Cg (D)y,,- Then T is a densely defined symmetric operator on H
such that D (T) = D = [JE. Moreover, T € C¢ (D),,, thanks to (Z4). Note that
(T'+4) (&) C &, that is, (T £4) (Ha) C H, for all a. Furthermore, T + 4 are E-
bijections; that is, (T £1i)|H, = T|Ha £ @ are invertible in B (H,), respectively.
So,

R(T+i)=|JR((T+i)|Hs) = | Ha =D.
acA a€A
Therefore, T + i : D — D are bijections such that (T + i)~ " |H, = (T|H, £ )"
B (H,) for all a. Tt follows that D(Ur) = R (T +i) =Dand R(Ur) =R (T — 1)

Il m
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D; therefore Ur : D — D is an isometry of D onto D. In particular, Ur has a unique
unitary extension Ur € B (H).

Lemma 3.3. LetT € C¢ (D)Sym and let Uz be the Cayley transform of the closure
T of T. Then U==Ur and T is a self-adjoint unbounded operator.

Proof. Since T C T*, the closure T is a closed symmetric operator on H. In
particular, R (T £ i) are closed subspaces [20, 13.13.16]. But D =R (T +i) C

R (T + i) for T+i are E-bijections. Then R (T +1i) = H or D (Uz) = R (Uz) = H.
Hence Uz = Ur. In particular, Uz is unitary and T is a self-adjoint unbounded
operator [20, 13.13.19]. O

Ur being the Cayley transform of T', we conclude that
I-Up)|D=I-Ur:D—D

is one-to-one and onto. In particular, N' (I — Uz) = N (I - U%) =R(I - UT)L -

R - UT)J‘ = D+ = {0}; that is, 1 does not belong to the point spectrum of Us.

Proposition 3.1. If T € Cg¢ (D) then o (Uy) = U o(Ur|Hs) and 1 ¢
aEA

U o (Ug|Ha). Moreover, 1 € o (Ug) iff T is discontinuous.

a€A

sym’

Proof. Since Us is unitary (see Lemma B3)) and Uz (Ha) = Ha, we conclude that
U%(Ha) = U%l (Hy) € H,, which in turn implies that UpP, = P,UxP, =

(PQU%PQ> = (U%Pa> = P,Uz for all o € A, where F, is the projection onto
H,. It remains to use Corollary 211

Further, (I — Ur) (Tzo + ixa) = 2i%a, To € Hy; therefore (I —UT) H,=H,
for all . Thus Us|H, = Ur|H, is the Cayley transform of the selfadjoint and
bounded operator T'|H,. Hence 1 ¢ o (Uz|H,) for each a (see Remark 3] below).

Finally, if T is bounded, then T is a bounded self-adjoint operator whose Cayley
transform Uz is unitary and 1 ¢ o(Uz). Conversely, if 1 ¢ o(Uz), then T =
i(I + Uz)(I — Uz)~! is bounded. In particular, 7' is continuous. O

Remark 3.1. If T is bounded, then 7' has the self-adjoint extension T € B(H)
(Lemma B). So R (T +i) = H. Take z € H and let z = lim {x,,}, =, € D.
Then U% (T{E + zx) =limUr (Tx, +iz,) = limUr (Tx, + iz,) = lim Tz, —iz, =
Tz —iz. Thus Uz (T+i) = T —i. Since (T + i)_l € B(H), it follows that
Ur= (T —14) (T + i)71 =r(T), where r (t)=(t—i)(t+i)~", t € R, is a rational
function. In particular, o (Uz) =7 (o (T)) € T\ {1}.

Theorem 3.1. Let £ ={H, : o € A} be a domain in a Hilbert space with its union
space D and let g C B(H) be a subset of all unitary operators V. such that

V(Hy) = Hoy, o € A, and 1 ¢ \J o (V|Hy). The Cayley transform T — Ug
aEA
implements a bijection
Cg (D) — e

Moreover, T is bounded iff 1 ¢ o (Uz).

sym
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Proof. Take V € ilg. Then V (H,) = H, and 1 ¢ o (V|H,) for each o. Therefore
V(D) =D and

R(I-VD)=|JR(U-V|H,) =|JHo =D;

that is, I — V|D : D — D is one-to-one and onto. In particular, R (I +V|D) C
D =R (I - V|D). Put

S:D(S)=D—-D, Sk—-Vz)=i(z+Vz), zeD.

If x € Hy, then S(z—Vz) € Hy; that is, S (H,) C H, for all «. Moreover,
V|D = Ug thanks to [20, 13.13.19] and Lemma 3.2l Therefore V =Ug or V = Ug
by virtue of Lemma 33l Taking into account that S = i (1+ V|D) (1 —V|D)™ ",
we conclude that S|H, € B(H,) for all a. In particular, S € Cg (D),

Since the Cayley transform T +— Uy is one-to-one, it follows that the mapping
Ce (D)yym — He, T — Us is a bijection.

Finally, T" is bounded iff 1 ¢ o (Uz), by virtue of Proposition Bl O

3.2. The relationsh_ip between spectra. Now we propose some relationships
between the sets o (Ur)\ U o (Ur|Ha) and R\o (T|Hg). Let us introduce the
a€A

function f : T\ {1} — R given by the rule

1+Re(A 1/2 .
po [ R moy <o

1/2
14Re(X :
— (1_Reg/\;) , if Im(A) > 0.

One can easily verify that f is a continuous bijection such that f{Im (\) < 0} =
{r >0} and f{Im(A\) >0} = {r < 0}

Proposition 3.2. If T € C¢ (D) is a discontinuous operator, then

sym

f <0 (Ur) \{1}U U U(UT|Ha)> C R\o (T'|Hp)

acA
for each 8 € A.

Proof. Since T is not bounded, we have 1 € ¢ (UT) thanks to Proposition [B.1l

Fix § € A and consider an upward filtered set @ = {a € A: o > §}. Take X €

o (Ur)\ U o (Ur|Ha) with A # 1. Put ¢y = 2[Im (\)[|A = 1|7>. If A = a + b,
a€A

then

2 [b| 2 |b| B V-

A= (a—1)2+b2 - a?2+4+1—2a+b2 “1-a¢ 1-a
VT—a/Tfa Vi+a [(1+Re(W)\"*
B 1-a  VI—a \1-Re()) '
recall that A € T. Hence f(A\) = ¢y if Im (A) <0, and f(A) = —cy if Im (A) > 0.
By assumption A ¢ |J o (Ur|H,). There are positive constants d, (A) with
aEA
|(A = Ur|Hy) zall = 0o (A) ||2a]| for all zo = Txo +ixo € Hy, T € Hy, o € A
One may assume that d, (A) | 0. Indeed, if 64 (A) > C(A) > 0 for all a € Q,
then ||(A—Ur) z|| > C () ||z|| for all z € D. D being a dense subspace in H, we
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conclude that the latter inequality is true for all z € H. Since A — U is normal, it
follows that A ¢ o (Ur) (see [20} 12.12.12]), a contradiction.

Finally, using similar arguments one can derive that f (A\) € R\o (T'|Hg). We
omit the details. O

Remark 3.2. f being a bijection, we conclude from Proposition [3.2] that if spectra

o (T|H,) are concentrated to the positive side in R and “rich” enough (for instance,

connected), then the points from o (Ur)\ | o (Ur|Ha) are located in the upper
a€A

semicircle, and vice versa (see Corollary [Bdlbelow). In particular, if each o (T'|Hy)

is a closed connected interval and |J o (T'|Ha) = R, then
acA

o (Ur) ={1}u | o (Ur|Ha).
a€A
3.3. The normal elements in C% (D). We say that T € Cf (D) is a normal
element if TT* = T*T. One can easily verify that T is a normal element in
C:(D)iff T = A+ iB and AB = BA for the uniquely determined hermitian
elements A,B € C¢(D),. In particular, all hermitian elements in Cg (D) are
normal. As we have mentioned in Subsection 2:2] the multinormed C*-algebra
C} (D) consists of closable unbounded operators, and the closure T of a hermitian
element T' € C¢ (D),, is a self-adjoint unbounded operator on H thanks to Lemma

B3

Proposition 3.3. Let T € Cf (D). Then T is a normal element if and only if

T is an unbounded normal operator on H. In this case T = A + iB whenever
T=A+1iB.

Proof. If the closure T is a normal operator on H, then D (T) =D (T*) and
T*T = TT*. Tt follows that D C D (T*T), DCD (TT*) and T*T = T*T|D =
TT*|D = TT*; that is, T is a normal element in C% (D).

Conversely, assume that 7T is a normal element. First, let us prove that 7% = T*.
Since T* = A—iB C T*, it follows that T* C T*. Take a point (x, T*x) from the
graph of the operator T* which is orthogonal to the graph of T*. Then z € D (T*)
and

(@, y + TT*y) = (&, y)+ (&, TT*y) = (&, y) +{(T*x, T*y) = ((z, T*x) , (y, T*y)) = 0
for ally € D. But (I + TT*) (D) = D. Indeed, I +TT* is E-bijection, since

(I +TT*) (Ha) = (In, + (T|Ha) (T|Ha)") (Ho) = Hy for all o € A.
In particular, (I +7T7T*)(D) = U, (I +TT*)(H,) = D. Consequently, z L D;

that is, z = 0, for D is dense in H. In particular, T* = T*.

Since T*T = TT*, it follows that || Tz| = ||T*z|| for all z € D. Then D (T) =
D (F) Indeed, if z € D (T), then z = limx,, and Tz = lim Tz, for a certain
sequence (x,) in D. But (T*z,) is a Cauchy sequence in H, for [|T* (2, — )| =
|T (2n — @m)||. Therefore T*z = lim T*z,,. This means that z € D (T*). Hence
D(T) € D(T7) € D (T) = D (T). In particular, D (T) = D (T7) = D (T*) =
D (T); that is, D (T) = D (T*).
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Finally, if z = limx,, € D (T) with (z,) € D and Tz = limTz,,, then (T*z,)

converges and ||Tz|| = lim [Tz, | = lim |T*z,| = lim || T*z, | = ‘T*ZH. There-

fore, ||TZH = HT*ZH for all z € D (T) =D (T*). It follows that T is a normal

operator (see [20, Ch. 13, Exercise 16]).

It remains to prove that T_: A + iB whenever T = A + iB with AB =
BA. By Lemma B3 A and B are self-adjoint operators and we have bounded
operators (A + i)71 and (B + i)il. Since (A + i)71 |H, = (A|Hy +i)"" and
(B+ i)71 |H, = (B|H, +14)" ", it follows that (A+ i)71 and (B + i)71 commute
on D. Hence (Z + i)_l and (E + i)_l are commuting operators on H. In particu-
lar, A +1iB is a normal operator (see [25, Section 4]). Since T = A+iB C A+iB,
it follows that T'C A 4 iB. But T is normal; therefore it is maximally normal [20,
13.13.32]. Whence T'= A +iB. O

3.4. The local realization for an operator T'€ C¢ (D),,- Let & = {Hq : a €A}
be a domain in a Hilbert space H with its union space D. An operator S € B(H) is
said to be a D-bijection if S (D) C D and S|D : D — D is a bijection. Respectively,
we say that S is an E-bijection if S (£) C £ and all restrictions S|H,, : H, — H,
are bijections; that is, S|H, are invertible in B (H,), respectively. As follows from
Theorem 1] all unitary operators from the class g introduced in Theorem [B1]
are E-bijections.

Now let T' € Cg (D)4,

(31) DT:2I—UT—U%EB(H),

and put

which is a hermitian operator. Actually, Dy > 0 for
c(Dr)={2-A=X: A€o (Up)}={2(1-Re(N): A€o (Up)}=>0.
Moreover, Dy leaves invariant each subspace H, and Dr|H, = 2 — Ur|H, —
(Ur|H,)", which in turn implies that
o(Dr|Hy) ={2(1=Re (M) : A€o (Ur|Hy)} >0
for 1 ¢ o (Ur|Hy,). Thus (Dr|H,) ™' € B(H,) for all a. The latter means that Dy
is an £-bijection. We also set
(3.2) Wr =i (Up —Uzx) € B(H),
which is a hermitian operator. Note that Wy (H,) C H, and
Wr|Ho = i (Ur|Ho — (Ur|Ha)")
for all a.

Lemma 3.4. If T € C¢ (D) then T|Hy = (Wp|Hg) (Dr|Hy) ™" for all o € A.

sym?’

Proof. We use the same argument carried out in [25]. Take z € H,. Then
(I — Up) (T|Hy+1i) z = Te+iz—Ta+iz = 2iz. But 2= (T|Hy +14) " (T|Hg + i) z;
therefore

(I —Up) (T|Hg + i)z = 2i (T|Ha + i) (T|Hy + i) .
Taking into account that R (T'|Hy + i) = H,, we deduce that

I —Up|Hy = 2i (T|Ho +1i)"" € B(H,)
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for all a € A. Thereby

[—Uz|Hy = (1 Up|Hy)" = (2z' (T|Hq + i)_1>* = 2 (T|Hq — i) "
It follows that
2 —Up|Ho— Up|Hy = I— Up|Ho+1 — U |Ho=2i (T|Ho414) " — 2 (T|Hy — i)'

—2i ((T|Ha i)t — (T|Ha - z‘)*l)

2% (T|Ho + 1) (T|Ho — i — (T|Hq + 1)) (T|Hg — )"
A(T|Ho +4) " (T|Hy —i)~"
4

=4 (1+ T2 H,) s
that is,
(3.3) Dp|Hy =2 — Up|Hy — Up|Ho = 4 (1+ T?|H,) "'
Further,
Ur|Ho — Up|Hq

= —(1=Urp|Hy) + (1 = Up|Hy) = —2i (T)Hy +1) " = 2i (T|Hy — i)~
=2 ((T|Ha +4i) 7 4 (T|Hy — i)*l)
= —2i (T|Hy +9) " (T|Ho — i + (T|Ho + 1)) (T|Ho — i) "
= —4i (T|Hy + i) (T|Hy) (T|Ho — i)~ = —4i (T|Hy) (1 + T?|Hy) " .
That is, Ur|He — Uj|Ho = —4i (T'|Ha) (14 T2|Ha)_1, thereupon
(3.4) Wr|Hy = 4(T|H,) (1 4+ T?|H,) .
Using B3)) and 4], we derive that
(Wr|Ha) (Dr|Hy) ™ = 4(T|Hy) (1 + T?|H,) " 471 (14 T H,)
— (T|Ha) (1+ T?|H,) ™ (1+T?|H,)
=T|Ha;
that is, (Wr|Ha) (Dp|Hy) ™' = T|H,. O

Corollary 3.1. Let T' € Cg¢ (D), Then T >, 0 iff Im(X) < 0 for all A €
o (Ur|Ha). In particular, T > 0 iff o (Uz) lies on the lower semicircle of T.

Proof. By Lemma B4, T|H,, belongs to the commutative C*-algebra generated by
Ur|H, in B(H,). Due to the spectral mapping theorem, we have

i(A=2X) —Im(\)

THy,) =< ——=: A€o (UrlHy) ) =4 ———+~<:A€0(Ur|Hy) ¢ -
o (T/H.) {Q_A_A o (Ur )} (o Ao Ul
It follows that o (T'|H,) > 0 iff Im (A) < 0 for all A € o (Ur|H,).

Finally, using Proposition B} infer that o (Uy) = |J o (Ur|Ha). Therefore
acA
T>0iff Im(A) <O0forall A € |J o(Ur|Hqa). The latter means that o (Ug) lies
acA
in the lower semicircle of T. O
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4. NONCOMMUTATIVE RATIONAL FUNCTIONS

In this section we introduce noncommutative rational functions on an inner-
product space in the pure algebraic context. The fractional space construction
proposed in [25] has a quite commutative nature. When we deal with noncom-
mutative fractions it is automatically appeared as a problem with their sums and
products, which is the known algebraic phenomenon. A way to handle noncommu-
tative fractions in elements of a Lie algebra has been proposed in [22] and applied
to the multivariable spectral theory in [6]. Some tinges of these ideas are proposed
below.

Let D be an inner-product space whose completion is H. Put

Bp={TeBH): T(D)CD and T*(D)CD}.

Obviously, Bp is a unital x-subalgebra in B (H). Further, consider the set Mp of
all self-adjoint elements m from Bp such that m|D : D — D is a bijection; that is,

Mp = {m € Bp : m is a D-bijection, m =m"}.

Obviously, 1y € Mp and mn € Mp whenever m, n € Mp and mn = nm. We say
that Myp is the set of all denominators in Bp.

To define a fraction space Bp/Mp consider the set Bp x Wp of all ordered
pairs (T,m), T € Bp, m € Mp. Put

(T,m) ~ (S,n) if T(m|D)"' =8 n|D)"".

Note that T (m|D)"" and S (n|D)”" are linear transformations on D; that is,
T (m|D)~", S(n|D)”" € L (D). One can easily verify that ~ is an equivalence
relation on Bp x Mp. We use T/m to indicate the equivalence class of (T',m),
that is, an element of the quotient set Bp x Mp/ ~ denoted by Bp/Mp. The set
Bp/Mp is embedded into L (D) by means of the injective mapping

Bp/Mp — L (D), T/m— T (m|D)"".

We shall identify Bp/9Mp with its range in L (D), and put T/m =T (m|D)”". We
also write T instead of T (1x|D)~", where T € Bp. Note that if T|D =0, then
T =0for T € B(H). Thus Bp C Bp/Mp C L (D).

Take T/m € Bp/Mp. Set (T/m)* = (m|D) ' T*/D € L(D); recall that
T* (D) C D. We also set

(Bp/Mp)" = {(T/m)" : T/m € Bp/Mp} C L (D).
Then
(i) 2,y) = ((mID) " @, (m|D) (mID) " y) = {(mID)""2,m (m|D) "' y)
= (m(mID)"", (mID) " y)
= (@, (mlD) 'y)
for all 2,y € D. It follows that
(T/m)a,y) = (T (mID) " a,y) = ((mID) "2, T*y)

= (2. (mID) ' Ty ) = (&, (T/m)" y)
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for all z,y € D. Let us consider the full (or the inverse preserving) [4, 1.1.4]
subalgebra C' (D) in L (D) generated by the set (Bp/Mp)U(Bp/Mp)”. Evidently,
each a € C (D) has the adjoint a* € C (D) with the property (az,y) = (z,a*y)
for all ,y € D. In this sense, C (D) is a unital *-algebra called the algebra of
noncommutative rational functions over D.

The following simple description of the *-algebra C' (D) can be done. Let r(1) (D)
be the subalgebra in L (D) generated by the set (Bp/Mp) U (Bp/Mp)*. Each
element a € r() (D) is a polynomial p(F) in elements of a finite subset F C
(Bp/Mp) U (Bp/Mp)*. Therefore a has the adjoint a* € 71 (D) with the prop-
erty (az,y) = (z,a*y) for all z,y € D. Let us introduce the set

i)ﬁ(g) = {m cr® (D) : m is a D-bijection, m = m*}

and put zm%’ = Mp. By r(M) (D) /smg) we denote the set of all linear transforma-
tions a (m|D)~'. Put again a/m = a(m|D)”". Evidently, (a/m)* = (m|D) ' a*
and let .

(r® ) /mE) = {(a/m)" a/mer® (D) /M3 }.
We have a subalgebra r(?) (D) C L (D) generated by the set (r(l) (D) /93?9) u

(r(l) (D)/ mg)) . Based upon the inductive argument, one may define an increas-
ing sequence of x-subalgebras r(™ (D), n > 1, such that
Bp Cr® (D) gr@)(p) C..- gr(n)(p) C..-
By its very definition,
() =Jr™ D),
n>0

where () (D) = Bp.

5. MULTINORMED C*-ALGEBRA OF NONCOMMUTATIVE RATIONAL FUNCTIONS

To introduce a topological version of the x-algebra C' (D) proposed in Section [4]
we assume that the inner-product space D is the union space of a quantum domain
€ ={H, :a € A} in a Hilbert space H.

5.1. The C*-algebra C} (H) and its multinormed completion. Let p ={P, :
a € A} be the projection net in B (H) associated with €. As in Section M we set

Be={T€B(H):TE)CE and T*(E) CE}.

Thus T (H,) C H, and T* (H,) C H, for all & € A. Evidently, B¢ C Bp and
B¢ is the commutant of the net p in B(H). In particular, it is a C*-algebra.
Furthermore,
Be = Cg (H),

thanks to Lemma 23l Fix an index «, and consider the restriction mapping
o @ CE(H) — B(Ha), 7o (') = T|H,, which is a unital *-homomorphism.
Therefore its range, denoted by B,, is a C*-algebra in B(H,). Furthermore,
17N, = IT|Hallg g, is a C*-seminorm on Cf (H), and the C*-algebra generated
by this seminorm is reduced to B,. That is, B, is the completion of the quotient
algebra C§ (H) /I, where I, = {T € C§ (H) : ||T||, = 0}. Moreover, if a < S
for some a, 5 € A, then there is a canonical *-homomorphism 7.z : Bg — B,
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such that mag (T'|Hg) = T|Hy. Thus we have an inverse system {8, mag} of C*-
algebras whose inverse limit lim {8, 7o} is a completion C¢ (H)™ of C¢ (H) with
respect to the topology associated by the family of C*-seminorms {||-||, : & € A}
(see [15] 5.2.10]).

Definition 5.1. The multinormed C*-algebra C% (H)™ is called a topological al-
gebra of noncommutative rational functions on £.

The inclusion Cf (H) C Cg (H)™ is given by the local contractive s-monomor-
phism
(Ce (H), [I-la v € A) = lim {Bao, map}t, T (T|Ha)qen -

Let us note that if T'|H, = 0 for all «, then T'|D =0, and keeping the fact T € B (H)
in mind, we infer that T = 0. Thus the C*-algebra C{ (H) has an additional
polynormed space structure. Being an inverse limit of the C*-algebras, C§ (H)™
possesses a canonical quantum space structure. Actually, it is just the completion
of the quantum space C (H) whose structure is well defined by the identifications

My (Cz (H)) = Cp, (H*), k € N.

Lemma 5.1. The algebra C§ (H)™ can be identified with a certain x-subalgebra in
C% (D) up to a topological x-isomorphism.

Proof. Take b = (ba),ep € Cé(H)™ = hm {Bo,map}. Put Spz = bax whenever
x € Hy. If a < B, then Spx = box = (bg|Ha)x. So Sy € L (D) is well defined.
One can easily verify that Sp. = SpS. and Si, = 1p. The correspondence b —
Sp implements an embedding Cf (H)™ — L (D). Note that Sy (H,) € H, and
Sp|Hy = by, € B(H,,) for all a. Thereby, S, € Cg¢ (D). Furthermore, if z,y € H,,
then (Spx,y) = (bax,y) = (x,bly) = (x,Sp«y). Thus S, has an unbounded dual
S¥ such that D C D (5;" ) and S¥|D = Sy € Cs (D). It follows that S, € C (D),
thanks to [9, Proposition 3.1] (see also Subsection [Z2]).

Finally, ||Ss||,, = [|Ss|Ha| = [|ball = ||b]|,, for all .. Consequently, the embedding
Cft (H)” — C% (D) is a topological #-isomorphism. O

Based upon Lemma 51l we shall identify Cf (H)™ with its range in C% (D).
Actually, we shall prove below (see Theorem [B.1]) that the inclusion Cf (H)™ C
C% (D) cannot be proper.

5.2. The fractional spaces. Now let us introduce the set of all denominators 9ig
of the C*-algebra C% (H) in the following way:

Me ={m e Cz (H) : m is a E-bijection, m =m"}.
Thus each restriction m|H, is invertible in B (H,), and (m|H,) ' € B4 (see for

instance [I0, 1.1.12]) for all a. In particular, m is a D-bijection too; that is,
m|D : D — D is a bijection. Thereby, Mg C Mp (see Section M)). Take m €

Me. The family ((m|Ha)71) R is compatible in the sense that (m|H,) ' =
ac

m

(m|Hg)™"|H, € B, whenever o < 8. Moreover, (m|D)™" = ((m|Ha)—1>a6A

C%(H)~ C C% (D) on the grounds of Lemma Bl In particular, T (m|D)”"
C% (D) whenever T € Cf (H). Note also that

T (m|D)™ " |Hy = T (m|H,) ™" = T|Hq (m|H,) ™" € B(H,),
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for all a. As in Section [ let us introduce an equivalence relation on the set
C% (H) x Mg of all ordered pairs (T, m), T € Cf (H), m € Mg, by setting

(T,m) ~ (S,n) if T(mD)"'=S@D)™" in CHD).
We put T/m to indicate the equivalence class representing (T',m). Moreover, the
quotient set C¢ (H) x Mg/ ~ is identified with a subset in C¥ (D) via the identifi-
cation
Ct(H) x Mg/ ~C L (D), T/m=T(m|D)".
For each m € Mg we set
Ce(H) /m=A{T/m:T e Cg (H)},

which is a subspace in C% (D). We say that Cf (H) /m is a fractional space with

the denominator m. Thus 3} op CZ (H) /m is a subspace in L (D) generated by
C% (H) x Mg/ ~, which is denoted by Cf (H) /Me. Confirm that

1p = 1H/1H = m/m S C;- (H)/m
for all m € M. In particular, each fractional space C¥ (H) /m is a unital quantum
space in Cf (D).

We equip the set Mg of all denominators with a pre-order structure. Namely,
set n < m for n,m € Mg if (n|D)”" (m|D) is bounded. Identifying (n|D) " (m|D)
with its completion we write n='m € B(H). Moreover, mn~! is also bounded
and (n~'m)" = mn~'. Since n~'m (H,) C H, and mn~' (Ha) C H, for all
a, it follows that n~'m commutes with all projections from the net . Whence
n~lm e Be = C; (H).

Lemma 5.2. Let n,m € Mg. Thenn <m iff C; (H) /n C Ci (H) /m.
Proof. 1f n='m is bounded and T € C% (H), then we have
~1 ~1 ~1 - ~1
T/n=(T|D) (n|D)"" =(T|D) (n|D)”" (m|D) (m|D)~" =(T|D) (n~'m|D) (m|D)
= (T (n"'m) D) (m|D)~! = (T (n"'m)) /m.
Hence Cf (H) /n C CE (H) /m.
Conversely, if the latter inclusion holds, then 15 /n = (n|D)~" = (S|D) (m|D)™"

for a certain S € C§(H). It follows that n='m|D = S|D; that is, n='m|D is
bounded. g

Let M C 91¢ be a unital subset of denominators; that is, 1y € M. A subset
My C M is said to be cofinal if for each n € M there corresponds m € M, such
that n < m.

Definition 5.2. Let M be a unital subset in Mg, and let F,, € C% (H) /m be a
subspace for each m € M. An algebraic sum Far = > -1, Fim of these subspaces
is said to be a fractional space if 1y /n € F,, C F;,, whenever n < m, n,m € M.

Thesum ) ,, C& (H) /m, denoted by C¢ (H) /M, is an example of a fractional
space thanks to Lemma Another example can be proposed involving a unital
C*-subalgebra Jy; C Cf (H) which contains all n™'m, n < m, n,m € M. In
particular, m = 1;11m € Ju for each m € M. We say that Jus is a C*-algebra
related to the subset M C M. We again set

GM/mz {T/m :T ESM}
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If n < m for some n,m € M, and T € Jp;, then T(n_lm) € Jum. Therefore
Im/n S JIu/m. Thus Ja /M =3, 1y Inr/m is a fractional space.

Remark 5.1. Note that Fpr = >3 cpp Fm = ZmEMo Fm = Fun, for each cofinal
subset My C M, as follows from Definition

If T/m € Cg(H) /Mg, then we put (T/m)* = (m|D)~' T*|D € C% (D) and
(C(H) /Me)" ={(T/m)" : T/m e C§(H) /Mg }. Thus

(T/m)@,y) = (z,(T/m)"y)

for all z,y € D (see Section[]). As in the purely algebraic case, we use r(!) (£) to in-
dicate the subalgebra in C# (D) generated by the set (Cg (H) /Me)U(CE (H) /Me)™.
This is a *-subalgebra in C§ (D). Replacing D-bijections by E£-bijections and using
the same argument as in Sectiond], one may propose a sequence (") (€),n >0, of x-
subalgebras in Cf (D) such that O3 (H) = 7@ (&) CrM (&) C--- CrM (&) C ...

Lemma 5.3. All (") (£) are x-subalgebras in Ci (H)™.

Proof. For n = 0, r(O () = C;(H) C C;(H)™ thanks to Lemma F1l  As-
sume that r(»~1 () C Cf (H)™ is a *-subalgebra. Take a self-adjoint element
b € r(=D (£) which is a £-bijection; that is, b € i)ﬁ‘(gn) (see Section [)). Thus
b(Ha) C Ho and (b|Ha) ™' € B(H,) for all a € A. With Cf (H)™ = lim {Ba, Tas}
in mind, infer that b|/H, € B,. Then (b|H,) ' € B, for all a. Since the fam-
ily ¢ = ((b|Ha)_1) R is compatible, we conclude that ¢ € C§ (H)” (Lemma
ac
BI) and ¢ = b~!. In particular, ab=' € O3 (H)~ for all @ € r(®~Y (€); that is,
r(=1 (&) /fmé") C Cf(H)™. Then (r("’l) &) /zm(g")) C C%(H)™, which in turn
implies that r(™) (£) C C% (H)™. O

Remark 5.2. Note that the inclusion 7(®) () C (1) (&) is proper except in trivial
cases. The inverse (m|D)™" of a self-adjoint E-bijection m € C¢(H) can be
discontinuous, which explains the following argument. Take 7" € Cg (D),,, which is

a symmetric unbounded operator on H. Then Dy = 2 — Uy — Uy (see @) is
a positive E-bijection; that is, Dy € Me. Moreover, according to [B3) (see to the
proof of Lemma [3.4]),

Dr|Hy =41+ T?H,) " € B(H,)
for all a. Therefore (Dp|D) ™' |Hy = (Dr|Hy) ' =471 (1+T?|H,), whence
(Dr|D) ' =471 (1p + T7).

The latter in turn implies that (DT|D)_1 is bounded iff T is as well. Indeed, if T is
bounded, then 41 (1 + T2) is a bounded operator without any doubt. Conversely,

if (D7|D)™" is bounded, then so is T2. Thus ||T|H,|* = H(T|Ha)2H < |77
for all o; that is, sup {||T|Ha||} < co. Hence T is bounded. Thus (D|D)™" €

W (E)\r® (£) whenever T is not bounded. Moreover, (Dr|D)™" € Ct(H)™
thanks to Lemma 5.3
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Theorem 5.1. Let € be a quantum domain in H with its union space D. Then
r( ) () = r(M) (€) for alln > 1, and

C2 (D) = C¢ (H)™ =) (€) = Ci (H) /Me.

Proof. Using Lemmas 5.l and B3, infer that ) op Cz (H)/m C rM (&) C
Ct(H)” C C% (D). It remains to prove that C§ (D) C Cf (H) /Me. The canonical
expansion of an element from C% (D) into its real and imaginary parts allows us
to conclude that C¢ (D) = Cg& (D), + iCg (D),,, where Cg (D), is the set of all
hermitian elements in Cf (D). It suffices to prove that C¢ (D), C Cg (H) /M.
Take T' € Cz (D);,. Then T € C¢ (D), (see 24)). That is, T' is a symmetric
unbounded operator on H such that D(T) =D, T (Hy) C Hy and T|H, € B(H,)
for all @ € A. By Theorem B the Cayley transform S — Ug implements a
bijection C¢ (D), — i, where Ug is the set of all unitary operators V € B(H)
such that V (H,) = Ho, @« € A, and 1 ¢ |J o(V|H,). Thus Ug consists of
a€A

E-bijections; in particular, e C C% (H) (see Subsection [b.I)). Consider the op-
erators Dp and Wy determined in 1) and (B2), respectively. As we have just
shown in Remark 0.2 Dy € Mg for all T € Cf (D),,. Using Lemma [3.4] infer that
T|H, = (Wrp|Hy) (DT|H,1)_1 for all T' € C¢ (D),, and a. It follows that T = Ar,
where Ar = Wr /Dy € Cf (H) /Dr. Hence

C¢(D)C Y. Ci(H)/DrC Y Ci(H)/m=Cg(H)/Ms;
TeC:(D), meMe

that is, Cz (D) = Cz (H)™ =rM (&) =X con. C& (H) /m. O

Remark 5.3. As follows from the argument proposed in the proof of Theorem
BEI p(Ar) = p(T) whenever T = (Th,...,Ty) is an n-tuple in Cf (D),, Ar =
(Ary,...,Ar,), p(T) = > ¢ T7 is a noncommutative polynomial in elements of
T, where 7 : {1,...,n} — {1,...,n} is a mapping and T7 = T,y -- Ty is a
monomial. In particular,

C:(D)= )  C:i(H)/Dr=C;(H)/D,

TeC:(D)y,
where © = {Dr : T € C; (D), } is a set of positive denominators.

Corollary 5.1. Let V C C% (D) be a quantum system. If T*T € V for eachT € V,
then V' is a fractional subspace in C§ (D). In particular, each quantum x-algebra is
a fractional space.

Proof. Being a quantum system, we have the canonical expansion V = Vj +
iVy. Using Theorem .1l and Remark B3] we infer that V' C ...\, CZ (H) /Dt
= C{(H) /Dy, where Oy = {Dr:T eV} Fix T € Vj, and let Fr = VN
(C&(H) /Dr) be a subspace in Cf (H) /Dr. Note that T = Ay = Wy /Dr € VN
(C¢(H)/Dr) = Fr. Therefore V, C > 1y, Fr, which in turn implies that
V=V,+iV, C ZTEV;L Fr CV; thatis, V = ZTEV;L Fr.

If Dy < Dg for some T,S € V}, then C¢ (H) /Dy C CZ(H) /Dr by virtue of
Lemma 52 It follows that Fp C Fg. It remains to prove that 1y /Dy € Fr (see
Definition5.2). Due to Remark 5.2, we have 15/Dp = (Dp|D) ' =41 (1p +17).
By assumption V is a quantum system with S*S € V for all S € V. In particular,
lpeVand T? €V for all T € Vj,. Thus 15/Dr € V N C¢(H)/Dr = Fr. O
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5.3. Normal algebras of unbounded operators. The theory of normal algebras
consisting of unbounded operators has been developed in [25] by F.-H. Vasilescu.
Fix a dense subspace D in H and consider the unital x-algebra

L*(D)={TeL(D):DCD(T*),T* (D) C D}

of unbounded operators with the involution T+~ T* = T*|D. A unital *-
subalgebra N’ CL* (D) is said to be a normal algebra if the closure T of each
T € N is a normal unbounded operator on H. Being a unital *-algebra, every
normal algebra is generated by its hermitian elements.

Proposition 5.1. A wunital *-algebra is a normal algebra if and only if it is a
unital commutative quantum x-algebra on a certain quantum domain up to a unital
x-isomorphism.

Proof. Let N be a normal algebra in L* (D) and let A = (A,),.; be a family
of hermitian generators of the algebra N'. So, N'={p(4) : p € Pz}, where Pz is
the x-algebra of all complex polynomials in Z-real variables. One of the central
results of the paper [25] asserts that N can be identified with a x-subalgebra of the
algebra of fractions on a compact subset Q of TZ. Namely, each A, is identified
with the fraction 6, (z) = —Im(z,) /(1 —Re(z,)), z € Q, ¢+ € Z. Consequently,
N is identified with the set of all rational functions like p o 6, where p € Pz,
0 = (6.),cz- In fact, N has a realization as polynomial functions p (t) over a certain
“unbounded” set S C R7Z; that is, N' = Pz (S) up to a unital x-isomorphism. Note
that, in general, S is not a locally compact space. Consider the Hilbert space
H = {5 (S) of all square summable families z = (z;),.g of complex numbers with
the inner product (z,y) = > _gxs¥s. For each compact (in particular, finite)
subset K C S we have a closed subspace Hx = {r € H:25;=0,s¢ K} in H.
If G C K, then H; C Hg. That is, we deal with an upward filtered family
€ ={Hg} of closed subspaces in H whose union is denoted by D. Take z € H.

Then ||a:H2 => s |xs|2 = sup {ZSEF |$S|2 cF C S}, which in turn implies that
zs = 0 for all s € S except the points of a certain countable subset C C S.
Indeed, limy »  cp 25> = ||z||* for a certain sequence {F,} of finite subsets in

S. If t ¢ U, Fn, then again lim,, (|xt|2 + > eer, xs|2) = ||#||*, which means that

|z¢| = 0. Thusx = ) s, 5, for a certain countable subset (s,,) C S, and |z|* =

onlzs, 2 Put Yn = Ekgn Zs, Sk € D, n € N. Then ||z — ynH2 = kon |xs,c|2 -0
as n — o0o. It follows that D is dense in H, which means that £ is a quantum
domain in H with its union space D. Moreover, the polynomial algebra Pz (S)
can be embedded into the multinormed C*-algebra Cf (D) by means of the unital
x-homomorphism

Pr(8) = Ce (D), pt) = Tp Tp((@s)ees) = (P () Ts) e
Ifx=3 cxoss€ Hy, then Tyx =3 1 p(s)xss and

2 2 2 2
1Tl = 3 p () 2ol < sup {Ip () 5 € K } 2]
seK

that is,
ITp Hre |l < lIplxcll o -
Hence Pz (S) is identified with a commutative unital quantum *-algebra in C¢ (D).
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Now assume that V' C Cf (D) is a unital commutative quantum *-algebra on a
quantum domain & = {Hq}, ., with its union space D. Evidently, Cg (D) C L* (D).
Let us prove that V is a normal algebra in L* (D). Take T € V. Then T* € V and
TT* =T*T, for V is commutative. It follows that V' consists of normal elements.
Using Proposition B3, we derive that the closure T' of each T € V is a normal
unbounded operator. Whence V' is a normal algebra. O

6. THE FRACTIONAL MATRIX TOPOLOGY AND FRACTIONAL POSITIVITY

In this section we introduce the fractional matrix topology and fractional posi-
tivity in the multinormed C*-algebra C¢ (D) based upon Theorem (.11

6.1. The fractional matrix topology. Let £ ={H, : a € A} be a domain in a
Hilbert space H with its union space D. Fix a denominator m € Mg, which is a
self-adjoint £-bijection from Cf (H). Actually, it can be assumed that m > 0 (see
Remark (53]

Lemma 6.1. The fractional space C§ (H) /m is dense in C% (D).

Proof. By Theorem [5.1] Cf (H) is a dense subspace in C¢ (D). If S € C¢ (D), then
S = lim {7} for a certain net {T;} in C¢ (H). Thus lim; ||S|Hs — TJ|HQ||B(HQ) =0
for all a. Put S; = (Tym) /m € Cf (H) /m. Then

tim ||| Ho = 5, Hallg1,) = im | S|Ha = 75 (| H) (] Ha) ™|

B(Ha)
= 1ijm S| Ho — Tj|HaHB(Hu)
= 0;
that is, S = lim {S;}. Therefore C¢ (H) /m is dense in Cg (D). O

Each fractional space C¢ (H) /m possesses another matrix norm-topology inher-
ited from C% (H).
Lemma 6.2. Let b € Cf (D). The following conditions are equivalent:

(i) be Cz (H) /m,

(1) mb* is bounded,

(i5i) bm is bounded.

Proof. The equivalence (i) < (i4i) is clear. However, the equivalence (i) < (47) fol-
lows from the relations (m|D)" (b|D)" C (bm|D)* and (b*|D)* (m|D)" C (mb*|D)"

120, 13.13.2]. O

We use the same denotation bm for the bounded extension of bm whenever
be Ct(H)/m. Thus bm € Cf (H). Let us introduce the norm on the fractional
space Cg (H) /m by the rule

(6.1) 16l].7, = 10mll ) = 1mb" |3y

which is well defined thanks to Lemma We also introduce the seminorms
[6llm,0 = [1(6m) [Hall g,y = (mb7) [Hall ga,) »

where o € A. The space Cg (H) /m equipped with the seminorms |||, , is a

(Hausdorff) polynormed space such that |[-,, = sup{||~|\m7(y to € A}; that is,
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II-]],, is a dominating norm. All these seminorms can be lifted to the matrices over
C% (D). First, note that

M (Cz (H) /m) € My, (Cg (D)) = Cex (DY),
where ¥ = {HE:a € A} is a domain in H* with its union space D*. If ¢ =
m - 1gr € CF, (Hk), then e € Mgx; that is, e is a denominator in C, (H’“)
Moreover,
(6.2) My, (C3 (H) /m) = Cgi (HY) / (m - Lv).
Indeed,
(m|D)™! 0
(T/m) = | Tij (mID)™| = [T]
0 (mD)"!

— [T5] ((m - 10) |D*)

=[]/ (m - 1)
for all [T;;] € My (Cf (H) /m). In particular, My (Jar/m) = My (Jar) / (m - 1ge)
for a C*-subalgebra Jy C Cf (H) related to a unital subset M C 9. Moreover,
My, (Iar/M) = Y My (Jn/m) = D My (In) /e C My (C2 (D))
meM eec Mk
and

My (C; (D)) = Cex (D¥) = Y Ca (H") Je= Y Ci (HY)/

engk(D’“)h e€M

due to Theorem 5.1} where M* = {m - 1gx : m € M}. If b € My (C% (H) /m), then
we put

1Bl = 116 (m - L)) LS g gy = 1 CCm 1) 07) LS| g gy

which is well defined thanks to (62) and Lemma [62 Obviously, ||- ||(1) =
a €A

m,o?

Lemma 6.3. The family ¢ = {||||gi)a ke N} is a matriz seminorm on

Ct (H) /m for all o € A. The fractional space C¢ (H) /m equipped with the ma-
triz seminorms {qm.q : @ € A} turns out to be a quantum space. Moreover, ¢m =
SUp {Gm,a : @ € A} is a matriz norm on C§ (H) /m.

Proof. Let us verify that g, . possesses the properties stated in the axioms M1
and M2 (see Section [2)). Take b € My, (C¢ (H) /m), c € M (CE (H) /m), A € Mg g,
and g € My . Using (62), infer that b = T/ (m - 1gx) and ¢ = S/ (m - 1g-) for
some T € Cf, (H*) and S € C§. (H*). Then

Ib& el = (T @ S) / (m - 1pse) | %
= |[(T1HE) ® (SIH) | (o) = max { | TE gy IS 1HE s }
= max {615, . el }

(HS) - H T®S) Hk+ ||B (H&T?)

m,o
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so we have M1. Further,
NIl = T ) / (- L) 15, = NONT 1) | gy = X (T1HE

k
S INHITIEE s gy Il = TN IBIS S el
that is, M2 is satisfied. Consequently, each g, o is a matrix seminorm. Thus
C% (H) /m is a quantum space equipped with the matrix seminorms {gm, o : @ € A}.
Finally, put ¢m = {||-||§jj> :keN}, where [[B1% = [[b(m - L)l gy b €

My, (C% (H) /m). On the same grounds ¢, is a matrix norm. Moreover, ¢, =
Sup {¢m.,a : @ € A} O

)NHB(H;)

Thus ¢, is a dominating matrix norm of the quantum space C} (H) /m. We
say that C% (H) /m, equipped with the matrix norm g,,, is a dominating normed
quantum space.

Lemma 6.4. The dominating normed quantum space C§ (H) /m is complete, and
the linear mapping

O - CL (H) — C5 (H) Jm, 0y (T) = T/m,

is an isometrical matriz isomorphism of the relevant quantum spaces with respect
to their fixed families of matriz seminorms. It also implements a matriz isometry
of the C*-algebra C¥ (H) onto the dominating normed quantum space Cg (H) /m.

Proof. If {b,} is a Cauchy sequence in C§ (H) /m, then lim, b,m =T in B (H) for
some T'e€ B(H). Put b=T/m € Cz (H) /m. Then

16 = bull,,, = 1(b = bn) m| g gy = l1bm = bum|| g gy = 1T = bl gy = 0, 1 — 00;
that is, lim,, b, = b in C% (H) /m. Thus C§ (H) /m is a Banach space.

The linear mapping Cf (H) — CEi(H)/m, T — T/m, is an isomorphism,
for if T/m = 0, then T(m|7))_1 = 0 or T|D =0, which in turn implies that
T = 0. Fix @ € A and take T = [T};] € M (Ci(H)) = C;. (H*). Then
0 (T) = [0, (Tyy)] = [Tij/m] = T/ (m-1gx) by virtue of 62). Furthermore,
qgf,)a (0;@ (T)) = HT|H§HB(H§) = ||T||§f). Thus 6, is a matrix isometry with

respect to the indicated families of matrix seminorms.

. (k)
Finally, (6 (1)~ = sup, {aiba (6% (1)) } = supo {ITIP} = 1Tl
for all T € C}, (H*); that is, 0,,, : C§ (H) — C%(H) /m, T — T/m, is a matrix
isometry of the dominating normed quantum spaces. O

1

If n < m for some n, m € Mg, then n~'m is bounded and

(n-1ge) ' (m-1pge) = (n™' 1) (m- 1) =n"'m 1y

Therefore n~'m - 1z« is bounded too. Hence (n-1gzx) < (m-1gx). Using ([G.2)
and Lemma [5.2) infer that Cf, (H*) / (n-1gx) C Cie (HY) / (m - 1),

Lemma 6.5. The inclusion Cf (H) /n C C (H) /m is a matriz continuous map-
ping of the relevant quantum spaces. It is also a matriz bounded embedding between
the relevant dominating normed quantum spaces.
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Proof. Take b =T/ (n-1gx). Then n~'m is bounded and
b= (T (n 'm-1g))/(m-1ge) € Chn (HY) /(m-1pn).
Moreover,
||b||£rlf)a = [(T (n'm - 1g0)) |H2HB(H’;) = H(T|H§) ((n~'m - 1pn) |H§)HB(H’;)
= ||T|H2||B(Hu) [((n~'m) |Hq - La

= (B8 ([ (™ m) | H | -

)HB(H@)

Thus ||||5§)(y < [[(n7'm) |Ha||B(H(,) ||||5Lk2y, which in turn implies that (see Lemma

G.3)

Gm.a < ||(n71m) |HO‘||B(H(,) Ina-

In particular, ¢, < Hn’lmHB(H) Qn- (I

Now let M C Mg be a unital subset of denominators and consider the fractional
space Cg (H) /M = Y C¢ (H) /m in Cg (D) of all rational functions whose
denominators belong to M. Being an algebraic sum of the dominating normed
quantum spaces, C¢ (H) /M can be equipped with the inductive matrix (or local
operator) topology [I3] Section 8] such that all inclusions C§ (H) /m — C§ (H) /M,
m € M, are matrix continuous. We say that this is a fractional matriz topology
on C¢ (H) /M. Thus a linear mapping ¢ : Cf (H) /M — X into a quantum space
X is matrix continuous if and only if so are all restrictions ¢, : C§ (H) /m — X,
©m (b) = ¢ (b), m € M. If n < m for some n,m € M, then Cf (H) /n C Ct (H) /m
by virtue of Lemmal5.2] and ¢,, = ¢,,|C% (H) /n. Since the embedding C% (H) /n C
C% (H) /m is a matrix bounded mapping between the dominating normed quantum
spaces (Lemma[6.5), it follows that ¢,, is matrix continuous whenever ¢,, is as well.
In particular, the fractional matrix topologies on C¢ (H) /M and C% (H) /My are
the same for each cofinal subset My C M. Furthermore, each fractional space Fp; =
> mem Fm (see Definition [£.2) being an inductive limit of the normed quantum
spaces possesses the fractional matrix topology. Consequently, a quantum *-algebra
can be equipped with a fractional matrix topology thanks to Corollary 5.1l Finally,
a linear functional ¢ : Fj; — C is said to be fractionally a-continuous if each
restriction mapping ¢, : F, — C is fractionally a-bounded; that is, |@., (b)] <
Crm,a ||b||£i)a for all b € F,,,. Its matrix version will be considered later in Subsection

For the detailed description of the fractional topology in the “functionally” com-
mutative case we refer the reader to [24].

6.2. The fractional positivity. Let M C 2Mi¢ be a unital subset of denominators.
We introduce a positive cone in a fractional space. To have a more general scope of
applications, everywhere below we fix a unital C*-subalgebra Jus C C% (H) related
to M (that is, it contains all n='m, n < m, n,m € M) and consider the fractional
space Jar/M instead of C% (H) /M.

Let Far = _,,car Fm be a fractional subspace in Jas/M (see Definition B.2).
Fix an index o € A and m € M. Let us introduce the cone

(Fo)ira =A0EFmib= > by by €Fu byn>a0
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in the subspace F,,. Thus each b € (.Fm)j\_/[,a can be written as a finite sum
b = Zle T;/n; = (Ele Tm;lm) /m of some a-positive T; € Jpr such that
T;/n; € Fn,y ni € M, n; =m, 1 <i<k. Note that Zle Tm;lm € Jar. We write
b >, 0 in F,, whenever b € (}—m)L,a' In particular, T/m >, 0 in F,, whenever
T >, 0in Jy and T/m € Fy,. Evidently, (.Fm)j\_/[,a is a cone in F,,. In particular,
so is (SM/m)j\_/[,a in Jp/m. We declare an element b € Fjs to be M-fractionally

a-positive if b is a finite sum ) by, of some b, € (fm)j\_/[’a. Put

(Fada = D (Fa)asas

meM

which is a cone in Fjs of all M-fractionally a-positive elements.
Replacing the local positivity in Jas by the global one, we obtain the cone

Fa)t =D (Fa)is

meM

of all M-fractionally positive elements. In the general case, the cones (F, M): and
(F MO);r are different for a cofinal subset My C M, although Far = Fay, -

+ +
Lemma 6.6. If n < m for some n,m € M, then (Fn)y, € (Fin)pra- In
particular, (.7:1\/1): = D men, (]:m)L,w where Mg C M is a cofinal subset, and
(.7:1\/1);|r = (.Fm)j\_/[,a whenever m is the greatest element of M with respect to the

pre-order <. Finally, if N C M, then (ij/]\f);|r - (SM/M);|r

Proof. According to Definition 52, F,, C F,,, (see also Lemma [5.2) whenever n <
m. Take b € (]-'n)&a. Then b = Zle b; with b;n; >, 0, n; € M, n; =X n,
1 <i < k. With n < m in mind, infer that n; < m for all ¢ (we deal with the
transitive relation <). By its very definition, b = Zle b € (Fm);\rd,a.

Now let My C M be a cofinal subset. For each n € M there corresponds an
m € My such that n < m. As we have just proved (]'—n)L,a C (‘Fm)j\_/l,a’ whence

(Far)e = Xomerty (Fn)irac

If M has the greatest element m, then Fpy = F,. Moreover, (]:n)j\_/[’a -
(fm)j\_/[,a for all n € M. Consequently, (Far)! = (fm)j\_/[’a.

To prove the inclusion (Jar/N) C (Jar/M)?, one suffices to note that (3ar/n) ;’a
C (Inm/n)i1.- Indeed, if b € (Jar/n) 3y oo then b= Y77 | b; with bin; >4 0,n; € N,
n; 2n,1 <i<k. Since N C M, it follows that b € (3M/n);\r/1,a. O

Remark 6.1. One should make distinct the cones (3M/m) . and (JM/m) Note

that
@a/m)y ={T/m:T >4 0} C Fnr/m) 510 -

Similar cones exist over all matrix spaces too. Namely, fix k& € N. Taking into
account ([6.2), infer that

My, (C3 (H) /M) = Cgy (H*) /MF = > Cgo (H) [ (m- 1)

meM
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Therefore we have a cone

(M (Cg (H) /M) = 3" (Cau (HY) [ (m-150)) 10,

meM

of M*-fractionally a-positive elements in My, (Ck (H) /M). By analogy,
My (Fan))s = D My (Fon)) i o

meM
is a cone of M*-fractionally a-positive elements in My, (Fs) for a fractional space
Farin Jar /M. Note that (M (]-'m))x/[k cannot be thought of as M, ((Fm)j\'/[,c’a).

«

6.3. The M-fractionally o-positive functionals. We say that a linear func-
tional ¢ : Fpy — C is M-fractionally a-positive if it is locally positive with respect
to the cone (FM)Z (that is, ¢ (b) > 0 whenever b >, 0 in Fas) and ¢ is a-
compatible (that is, ¢ (b) = 0 whenever b =, 0). In a similar manner it is defined
as M-fractionally positive functionals. Note that ¢ : Fpy — C is M-fractionally
a-positive iff each restriction ,, : F,, — C is locally positive with respect to the
cone (fm)j\_/[’a, m € M. It F,, C F,, for some n, m € M, then @,, = p;,|Fn, and
(]:n)j\_/[’a - (fm)&a thanks to Lemma [6.6] Whence ¢,,|F, is positive; that is, M-
fractionally a-positive functionals are well defined. If My C M is a cofinal subset,
then ¢ : Fpy — C is My-fractionally a-positive if it is locally positive with respect
to the cone (fMO):. Thus ¢ is My-fractionally a-positive iff each ¢, : F,, — C is
positive with respect to the cone (}-m);\r/lo,av m € M. Since (Fm);\}o,a C (}—m)L,a’
m € My, it follows that each M-fractionally a-positive functional is automatically
an My-fractionally a-positive one (see also Lemma [6.6]).

Proposition 6.1. Let My C M be a cofinal subset. A functional o : Jpr /M — C is
My-fractionally a-positive if and only if the mapping ¢ is fractionally a-continuous
and

¢ (1 /m) = sup{|e (T/m)|: T € Jar, [T, <1}
for all m € Mj.

Proof. Put ¢, : Jp — C, ¢ (T) = @m (T/m), which is a linear functional for
each m € My. Note that ¢, = @mbm, where 0, : Iy — Jar/m is the isometry
considered in Lemma [64] Note that ¢ : Jp /M — C is fractionally a-continuous
iff all o, m € My, are fractionally a-bounded (see Lemma [6.5)).

Assume that ¢ is fractionally a-continuous and

¢ (1a/m) = sup{|p (T/m)| : |T|Hqa| <1}
for all m € My. Then for each m € Mj there corresponds a positive real Cp, o such
that |@m (b)] < C.a DI, b € Jar/m. Tt follows that |G (T)| = |@mbm (T)| <

moa
Cona 10 (D)), = Cra I, for all T € Jas, where ||T|, = ||T|Hql|. Thus all
Om, m € My, are a-bounded functionals. Moreover,
¢m (1i) = m (La/m) = sup{lp (T/m)| : T € In, | T, < 1}
= sup{[¢m (T)] : T € Inr, [T, < 1}
= lémll

that is, |¢m (T)] < ¢m (1) ||T|,, for all T € Jpr. Thus ¢y, = ¢, m, for a certain
bounded functional ¢, : Jo — C, where 7, : Cf(H) — B, is the canonical
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projection (see Subsection BII), and Jo = 7o (Jar). Furthermore, ¢, (1g,) =
ém (L) = ||omll, = [|#5n]]- Ja being a C*-algebra, we conclude that ¢}, > 0 (see
[10, 1.7.5]), or ¢, >4 0 for all m € My. Let us prove that ¢ is locally positive
with respect to the cone (3M/M0):. Take b € (3M/m)j\_/[0}a, m € My. Then

b= Zle T;/n;, where T; >, 0 and n; € My, n; = m, for all i. Therefore

k k k
om (b) = Zsﬁm (Ti/n;) = Z‘Pm (Ti/n;) = Z¢n (T3) = 0;

that is, ¢, is My-fractionally a-positive.

Conversely, if ¢ is My-fractionally a-positive, then ¢,, is locally positive with
respect to the cone (3M/m)x40}a, m € My. In particular, if T >, 0 in Jps, then
T/m € (SM/m)]J\r/[O’a and ¢, (T/m) > 0; that is, ¢, >4 0. Thus all ¢, are
a-bounded and ||¢pm||, = ém (1) (see [10, 1.7.3]). Hence ¢, is fractionally a-
bounded and ¢ (15 /m) = sup {|¢ (T'//m)| : [|T||, < 1} for all m € M. O

7. THE INNER PRODUCT MAPPING

In this section we introduce inner product mappings on a fractional space and
investigate their properties.

Let A be a pre-Hilbert space with its inner product (z,y) — (x,y), x,y € A,
and let SF (A) be a space of all sesquilinear forms on A. Consider a unital subset
M C Mg of denominators in Cf (H) and fix a C*-subalgebra Jy C Cf (H) related
to M.

Definition 7.1. Let Fy; C Jar/M be a fractional subspace. A linear mapping
¢ : Fu — SF(A) is said to be an inner product mapping if it is unital and
¢ (1a/m)(z,z) > 0, z € A\ {0}, for all m from a certain unital cofinal subset
My € M of positive denominators.

Thus ¢ (1g/1g) (x,y) = (z,y) for all x,y € A. Note again that 1g/1yg =
m/m = 1p € Fyr for all m. Further, ¢ (1z/m) is an inner product on A. Thereby
A is a pre-Hilbert space whose completion is denoted by A,, for each m € My. In
particular, we have the norms ||z||,, = (¢ (1g/m) (x,x))1/2, m € Mp,on A. f A =
C, then we deal with a unital linear functional ¢ : Fpy — C such that ¢ (1/m) > 0
for all m € My. Note also that each inner-product mapping automatically involves
a unital cofinal subset My C M of positive denominators. Everywhere below we
shall fix this cofinal subset associated by an inner-product mapping.

7.1. The quantum space SF), (A). Let Far C Jar/M be a fractional subspace
and let ¢ : Fpy — SF(A) be an inner product mapping. Let us introduce a
subspace

SFn(A) ={0€ SF(A): 6], <oo},
where ||0||,, = sup {|0 (z,y)| : ||z|,, < 1, yll,, <1}, m € My. We also set

SFu, (A) = Y SF,(4).
me My
Evidently, each ||-||,, is a gauge on SF'(A). Therefore (SF,, (A),|-]|,,) is a normed
space. Actually, the norm |-/, determines a normed quantum space structure on
SFy (A). In particular, SFhy, (A) turns out to be a quantum space equipped with
the inductive matrix topology. Let us present some details.
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Fix k € N. The k-th Hilbert space power of A,,, is denoted by A¥ . The relevant
inner product in Ak, is <x,y>$,lf) =% (wi,yi),,, where =[], y = [y;] € AF,.
Obviously, Ak is just the Hilbert space completion of the inner product space
(Ak, (-, >§:)) Each matrix 0 = [0;;] € My, (SF (A)) determines a sesquilinear form
on AF by the rule 0 (z,y) = Zf,j:l 05 (x5,vi), where x = [z;], y = [y;] € A*. This
correspondence determines the inclusion

(7.1) My, (SE (A)) C SF (AF)
up to the indicated identification.

Lemma 7.1. If ¢ : Fyr — SF (A) is an inner product mapping, then so are all
canonical extensions ©®) : My, (Far) — SF (AF). Moreover, My (SFu, (A)) C
SEy (A%), ke N.

Proof. Fix k € N. Undoubtedly, »*) is unital. Note that My, (Far) € My, (Jar) /M*
is a fractional space with the set of denominators M* = {m-1yx :m € M},
and MY is its cofinal subset (see ([62)). Moreover, ©¥) (1 1/ (m - 1gx)) (z,2) =
Zle ¢ (g /m) (x;, ;) > 0 whenever x € A*\ {0} and m € My. By Definition [71]

go(k) is an inner product mapping.

Now take 6 = [0;;] € My, (SF, (A)), m € Mp. Then
10001, = sup {10 (9] 1% <1,y < 1}

k

k k
2 2
<supq > 10 (@)l = Y il <1 lwally, <1
i=1 i=1

ij=1
< k*max{[0;], :1<i,j<k}<co.

Whence [|6]],,,.,, < 00. So, M (SFm (A)) € SFna,, (A*). In particular,
My (SFa, (A)) = D Mg (SFp (A) € Y SFpa,, (A%) = SFyy (A%);
mée Mo me My
that iS, Mk (SFMO (A)) - SFM(’,‘ (Ak) (I

Taking into account Lemma [Z.I] we put

||9||5r’:) — ||¢9||m.1Hk for 6 My (SF, (A)), me M.

Thus for each m € My we have a family s, = {||||£:) ke N} of norms over all

matrices over the space SF, (A).

Lemma 7.2. The family s,, is a matric norm on SF,, (A) for each m € Mj.
In particular, SFy, (A), being an inductive limit of the normed quantum spaces
(SFEn (A),8m), m € My, is a quantum space (or local operator space).

Proof. Let us verify the axioms M1 and M2. Take § € My, (SF,, (A)) and ¢ €
M (SE,, (A)). Then § @ ¢ € SF (AFF) (see (1), and for all z = [z;], y = [yi] €
ARt we have

k ktt
0 0) (w9)=]D Oij(xy) + Y kg (@590 <10 (@, 0)+[C (2", y")],

i,j=1 i,j=k+1
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where 2’ = ¢, (7), ¥ = ex (y) € AF and 2" = €' (z), v/ = ¢! (y) € A?, ¢, : AFFt
AF (respectively, € : A’H‘t — A') is the canonical projection onto the first k
(respectively, last t) coordmates Note that

(121%+9)" = (1219)" + (11 2)°

(1) = (W12)" + (112
It follows that

10 @ S = sup {16 @ ¢) (@) + Il Il < 1}
< sup {16 (', y/)] + [ (25"}
< sup {10115 12’17 1915 + 1S Nl 1 1115 }
< sup {max {10115 <1157 | =15 ™ §
< max {615,110}

Thus [0 @ ¢|| ¥ < max{||9||§jj> , ||4||5f}}. Further, take 6 € My, (SE,, (A)), A €
M, i, p € M. Then

and

A0 (2, y)| = Z Z AipOpqtias (25, Y:)

i,j P:q

= ngq Zﬂqjxjazxipyi =10 (px, \"y)|
p.q j i

k k —
and [ = (e 1)l <l ), 1Ayl < Ayl 1t follows that

* k
120ul ) = sup {10 (A9l <l Iyl < 1} < IAL101% -
Thus $,, is a matrix norm on SFy, (A) (see [12, 2.3.6]). The rest is clear. O

7.2. The matrix o-contractive and (m-fractionally) matrix a-positive
mappings. Let ¢ : Fyy — SF(A) be an inner-product mapping, so we have
the quantum space SFy, (A) associated by a cofinal subset My C M (see Defini-
tion [T1)), and let ¢, be its restriction to the subspace Fp,. Fix a € A and let (see

Lemma [63))
(k) (k)
o] = sup{HsaSJ? Ol = 1}
m,x m
We also set
||<Pm||ma—sup{Hga(k)H kEN}.

Note that
lomlliy o = sup {sm (657 (©)) : Gma (v) < 1,0 € M(Fon) }

(see Lemmas and [63). We say that ¢ is matriz a-contractive if ||gam||fs o<1
for all m € My. In particular, ¢ (Fpn) C SFy, (A) for all m € My, and thereupon
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@ (Fam) € SFun, (A). Replacing the matrix seminorm ¢y, o = {””5:)(1 ke N} on
C% (H) /m (see Lemmal6.3)) by the dominating matrix norm g, = {||||£f) k€ N},

we introduce a matriz contractive mapping  : Far — SF (A) with

lom = sup { [ e ]
= sup{sm ( (o) (v)) Sqm (W) < 1Ljv e M(Fm)} <1

(k) (k)
for all m € My, where Hgos,]f)H = sup{Hgogf) (b)H : ||b||£:f) < 1}. Thus ¢ is a
m m

matrix a-contraction if for all m € My, k € N, x1,..., 2k, y1,...,yr € A with
k k
S o (/m) (@ie) <1, S0 (L fm) (i) < 1,
i=1 1=1

and for all b = [b;;] € My, (F,,) with ||[bs;m] |H§HB(H§) < 1, we have

k

Z @ (bij) (w5,9:)| < 1.

ij=1

A matrix § € My (SFu, (A)) is said to be positive if 6 is positive, being an
element of SFy (A*) (see Lemma[Z1]). That is,

0 (x,x) >0, xeAr

We say that ¢ is matriz a-positive if each p*) is locally positive (see [J]) with re-
spect to the cone M (fMO);r. Hence each p¥) is M}-fractionally a-positive, in the
sense that @%’i) is a-compatible (gogf) (b) = 0 whenever b =, 0) and gogylf) () (x,x) >
0, z € A*, whenever b € (M, (Fm));\r/[g,a, m € My. If A = C, then we have a matriz

a-positive functional ¢ : Fpr — C whose canonical extensions ga(k) My (Fuv) —
M, are M}-fractionally a-positive, respectively.

The following assertion is a simple corollary of Proposition[6.1l To compare with
the commutative case we refer the reader to [25].

Corollary 7.1. Let ¢ : Ju/M — SF(A) be an inner-product mapping. The
mapping ¢ is My-fractionally a-positive iff

@ (Lu/m) (z,x) = sup{le (T/m) (z,2)| : T € Ins, [T, <1}
for allm € My, = € A.

Proof. Fix x € A. The mapping ¢y : Ju/M — C, ¢, (b) = ¢ (b) (z,2), is a
linear functional. By its very definition, ¢ is My-fractionally a-positive iff all v,
are Mo-fractionally a-positive functionals (see Subsection [6.3). By Proposition
61 the functional v, is My-fractionally a-positive if and only if ¢, (1g/m) =
sup {|Y, (T'/m)| : T € I, || T, < 1}. That is,

¢ (Lu/m) (z,2) = Yo (Lg/m) = sup{|p (T/m) (z,z)| : T € Jnr, [T, < 1}
for all m € M. O
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Finally, we say that a linear mapping ¥ : Jy — B(K) is m-fractionally o-
positive if we have ¥ (T (n_lm)) >0in B(K) for all T >, 0 in Jps, and n € My
with n < m. By analogy, ¥ is said to be m-fractionally matriz a-positive if each
T My, (Jar) = B (K*) is (m - 1y )-fractionally a-positive. That is,

(T (n'm 1)) >0
in B (Afn) whenever T' € My, (Jp), T >4 0, and n € My, n < m.
7.3. The quantum A-measures. Now let us introduce the quantum A-measures
on the C*-algebra Jas related to a unital subset of denominators M in Cf (H),
where A is an inner product space. For a linear mapping p : Jpr/M — SF (A) and
x,y € A, we use the notation p , to indicate the linear functional g y @ Jar/M —
C, pz,y (b) = 1 (b) (x,y). We also write p, instead of p15 . The polarization formula
implies that
(7-2) Ay = Moty — Po—y T Watiy — Ia—iy
for all z,y € A.

Definition 7.2. We define a quantum A-measure on Jpr with support in H, if we
have a unital linear mapping p : Jy /M — SF (A) such that the mapping

e (0) e i (0)
M&k] s My (Jar /M) — M2, Nggk] (b) = :
N:(ckl),:ck (b) T /J/:(Cl:;),xk (b)

is M{-fractionally a-positive for each z = [z;] € A*, k € N, and for a certain unital
cofinal subset My C M of positive denominators.

By analogy, replacing the local a-positivity by the “global” one, it is defined as
in Definition as the quantum A-measure on Jpr (with support in D).

Lemma 7.3. If u is a quantum A-measure on Jpr with support in H,, then each
functional piy : Jar /M — C is matriz a-positive.

Proof. Indeed, by Definition [.2] ML:H : I /M — C is My-fractionally a-positive
for each x € A. But ug;l] (b) = MQL (b) = pgy (b) for all b € Jar/M; that is, py is
Moy-fractionally a-positive for all z € A. Moreover, if y = [1,0,...,0] € A* and
b= [bij] € (My, (Jnr) /ME) ", then

pH (0) = | - o =0,
0 o0
thanks to Definition Whence M;’” (b) > 0. Thus u;(ck) My (Jar) /MF — My, is

M{-fractionally a-positive, which means that ji, : Ja7/M — C is matrix a-positive
(see Subsection [T2). O

Lemma 7.4. If u is a quantum A-measure on Jp; with support in H,, then the
relevant linear mapping p: Jpr /M — SF (A) is an inner product mapping.



LOCAL OPERATOR ALGEBRAS 835

Proof. By Definition [[.2] p involves a unital cofinal subset My C M. Take m €
My. Since m > 0, it follows that |m|Hy||1lg >o m or 1y — ||m|\;1m >4 0.

But 1y — |m|,'m € Ju and (1H — [lm|I;! m) /m € (‘?M/m)&(),a' Moreover,
HmH;1 m/m = ||m||;1 1/l = ||m||;1 1p. Fix x € A\ {0}. Taking into account
that g, : Iy /M — C is Myp-fractionally a-positive (see Lemma [(3)) and 1y /m €
(SM/m)LO’a, we deduce that

p(lg/m) (z,2) = po (Lr/m) > Iml3 " pe (Ip) = [Iml5 " (2, 2) = [ml|; " ||2]* > 0.

By Definition [Tl p is an inner product mapping with the same cofinal subset
My. O

Theorem 7.1. The linear mapping pu : Iy /M — SF (A) is a quantum A-measure
on Jar with support in Hy, if and only if p is an inner product mapping, which is
matriz a-positive. Moreover, in this case, u(Jnr/m) C SFy, (A), m € My, for a
certain cofinal subset My C M.

Proof. Assume that p is a quantum A-measure on Jp; with support in H,. By
Lemma [T4 p : Jyu/M — SF(A) is an inner product mapping with the same

cofinal subset Mo. Take b = [b;;] € (My (Jnr) /Mé“):, and fix r = [r;] € AF. We

set €1,...,ex for the canonical basis in C¥, and € = [¢;] is the (column) vector in
CF*. Then
k k
p® () (2, 2) = [ (bi)] (w,2) = Y p(bis) (@5, 2:) = D Haya, (big)
ij=1 ij=1

- X (i ej,q>—z<zu;ﬁ>m >

k k
< M§31),961 (b) T Mgﬂk)yl’l (b) €1 €1 >

ugi),xk (b) - ugi),xk (b) €k €k
= (Wl @) e.c).

By Definition [Z2], u&k] (b) 2 0. Therefore <u£5k] (b) e,e> > 0. It follows that

p) (b) (z,2) > 0; that is, u® (b) > 0. Whence u*) is M{-fractionally a-positive
(see Subsection [[.2). Using Corollary [ZJ] infer that

~ 2
sup {|pe (T/m)|: T € Jar, [T, < 1} = pa (Ler/mm) = [|2]l;,,

for all m € My, © € A. Further, taking into account (.2]) and using the Parallelo-
gram Law (see for instance [I7, 6.1.8]), we obtain that

2 2 .2 .2
L (Tfm) (2,9)| = Aty (T/m)] < oyl + o =yl + iyl + 1z = iy,
2 2 2 2 2 2
=2 (llally, + Iyl ) +2 (e, + gl ) = 4 (e, + vl

whenever ||T'||, < 1. It follows that || (T/m)||,, < 2; that is, u (T/m) € SF,, (A).
Thus p (Jar/m) C SEy, (A) for all m € My. In particular, p (Jar/M) C SFa, (A).
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Now assume that p is a matrix a-positive inner product mapping. Fix x = [z;] €
A* and b = [b] € (M (Jnm) /Mé“): Let us prove that pl (b) > 0 in M2 (see
Definition [[2]). Take & = [§;] € C*, where each & = [¢i;] € CF is the (column)
vector. Put also £ = [€i;] € M. Then

(i €)= <

pBe @) o w0 | T & & >
ph e ) - e, ) | LG 3

=3 (), 0)&.6)

Jst

e )€ &
P e g | LG
[ Sty (01) & ] [ G
, : > = &attayas (bis) Syt

Jstss,t

?

-5

L .Es Haja; (ka) fjs .gik

= Z &jstt (bes) (xj’xi)git = Zﬂ(bts) ijsxjvz:fitxi
s,t 7 7

7,%,8,t
= 1M (b) (€, €x) 20,

where p is matrix a-positive. Thus p is a quantum A-measure on J; with support
in H,. O

7.4. The quantum B (K)-valued measures. Now again let A be an inner prod-
uct space whose completion is K and let ¥ : Jy — B(K) be a linear mapping.
The mapping ¥ can be extended up to a linear mapping p : Jy/M — SF (A)
by the following canonical method. A few elements x,y € A determines the linear
functional

K,y - SM — (C7 M,y (T) = <\II (T) $,y> .

Assume they admit linear extensions fiz, : /M — C such that the mapping
A XA = C, (z,y) = [iz,y (b), is a sesquilinear form on A for each b € Ju /M.
Hence we have a linear mapping

prIm/M— SF(A),  p(b)(2,y) = oy ().

In this case, we say that p : Jy/M — SF (A) is a sesquilinear extension of the
linear mapping ¥ : Iy — B (K).

Definition 7.3. A unital linear mapping ¥ : Jy; — B (K) is said to be a quantum
B (K)-valued measure on Jp with support in H, if it has a sesquilinear extension
w:JIn/M — SF(A) which is a quantum A-measure on Jp; with support in H,,.

Note that a quantum B (K)-valued measure ¥ : Jy — B(K) is a matrix a-
positive mapping automatically. Indeed, take b € My, (Jas) such that b >, 0 and
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take x € A*. Then

(w® (b)x,x>:z<\ll i) T, Zﬂzmﬁ )
_Z,U’ZJ, ZM zg x]vx’b

_ i ) (0r) 2 0

for b=b/1pr € (M, (Inr) /1pr)E S (M, (Ir) /1Dk)j4§7a (see Remark B.1)).
The following assertion describes the quantum scalar measures.

Proposition 7.1. Assume that A = K = C and that ¥ : Jy — C is a unital linear
functional. Then ¥ determines a quantum C-valued measure on Jpr with support
in Hy, if and only if ¥ extends up to a matriz a-positive functional R Imu/M —C
such that U (1/m) > 0 for all m € My, where My C M is a cofinal subset. In
particular,

H@m =W (1g/m) for all m € M.

m,x

Proof. First, assume that ¥ determines a quantum C-measure y : Jar/M — SF (C)
on Jys with support in H,. Using Lemma [7.3] and Definition [[3] we conclude
that each py : g — C, pu, (T) = |x|2\I'(T), z € C, has a matrix a-positive
extension fi, : Jy/M — C. In particular, ¥ = py (1 is the unit in C) extends
up to a matrix a-positive mapping 1. It remains to set U = 1. Note that
U (1g/m)=p1(la/m)=p(lg/m) >0 for all m € M.

Now assume that ¥ extends up to a matrix a-positive functional R Imu/M —C
such that W (15 /m) > 0 for all m € My. So, all extensions W®) : My, (Jpr/M) —
My, are M(’f—fractionally a-positive. Then all functionals iz : Jar = C, oy (T') =
zU (1) Y, x,y € C, have linear extensions iy , : Jar/M — C, [z, (b) = 2V (b) 7.
Evidently, the mapping C xC — C, (z,y) — [,y (b) is a sesquilinear form for each
b€ Jn/M, and we have a well defined linear mapping

p:In/M— SF(C), p(b)(@,y) = oy (b).

Note that p(1g/m) (z,2) = Jie (1g/m) = |2 (1g/m) > 0 if z € C\{0}. It
remains to prove that p is a quantum A-measure with support in H,; that is,
ugck] (b) > 0 (see Definition [T2) whenever z = [2;] € C* and b € (M (Jnr) /M(’f):

Note that ﬁg,;k; (b) = 20 ®) (b)7 for all 2,y € C. It follows that

[ U (0)F - 2, U ()7
ui @) = | :
2B Bz - 2,0 (b) T,
[ 711y
=1 OO @) [ oDy - @i ]
| Trlk

By assumption, U is matrix a-positive, therefore g k) (b) > 0 in M. It follows that

ML,’“] (b) > 0 in Mj2. Thus u is a quantum A-measure.
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Finally, note that H\TlmH = sup{‘\ff (T/m)‘ 1T € I [T, < 1} = U (1g/m)
thanks to Proposition ’Using Lemma and [13) Lemma 5.2] (see also [12]

~ cb ~ ~
2.2.3]), we derive that ‘ V., = H\IlmH =0 (1g/m) for all m € M. O

Thus unital matrix positive functionals p : Jp/M — C determine quantum
scalar measures on the C*-algebra Jj;.

The following lemma is very similar to one in [2] Lemma 2.4] proved for the
commutative case. For convenience, we present all details.

Lemma 7.5. Let ¢ : Jp/M — SF (A) be an inner-product mapping, which de-
termines a family A,,, m € My, of Hilbert space completions of A. If ¥y, is
My-fractionally a-positive, then

z/J(T/m)(x,y):<\Ilm(T):c,y>m, TGJM; x,yeA,

for the uniquely determined unital a-positive linear mapping Vo, : Iy — B (An),
m € My. In this case, V¥, is matriz a-contractive iff U, is as well. Further, 1.,
is matriz a-positive iff V., is m-fractionally matriz a-positive on Jpr. Finally, if
n X m for some n,m € My, then there is a unique a-positive mapping ¥, p :
Im — B(A,) such that

(U (T)2,y),, =& (T/n) (2,y) = (U (Tn"'m) z,y),

for all z,y € A. In this case, Wy, n is matriz a-contractive iff ., is as well.
Moreover, U, ,, is n-fractionally matriz o-positive iff 1y, is matriz a-positive.

Proof. Take T' € Ja such that T >, 0. Then ||T|, 1g/m — T/m >, 0 in
Ju/m for | T, 1n > T; that is, |T|, 1a/m — T/m € (Jn/m)yy, o Hence
Il Y (Lt /) (2,2) — b (T/m) (,2) > 0; that is, t (T/m) (z,2) <
IT|l, (x,z),, for all x € A. Note that ¥, (T'/m)(z,y), z,y € A, is a positive
semi-definite form on A. Using the Cauchy-Schwarz inequality [I7, 6.1.5], we infer
that
[ (T/m) (@, )| < Tl |2y, 1Yll,r

for all z,y € A. Using the density of A in A,,, we conclude that the latter
inequality holds for all z,y € A,,. Whence v, (T/m) (z,y) = (V,, (T|Ha) x,9),,
for a positive operator ¥, (T|H,) € B(A,) (see for instance [I7, 6.5.3]). Moreover,
v (T|Hy+ S|Hy,) = V!, (T|Hy) + V!, (S|Hy) and V!, (rT|H,) = vV (T|H,)
for all a-positive T', S and a positive r € R. Let us remark that each element
of the C*-algebra Jo = 74 (Jar) is a linear combination of four positive operators
from Jo. Therefore v, (T/m) (z,y) = (V,, (T|Has)x,y),, for a positive linear
mapping ¥/, : Jo — B(A,,). It remains to set ¥,, = ¥/ 7,. Note also that
(U, 1E) 2,y),, = Ym (La/m)(z,y) = (z,y),,; that is, ¥,, (1) = 1a,,. Hence
U, : Jm — B(A,,) is a unital a-positive mapping.

As we have indicated above (see (€2)), My, (Jar/m) C Cpy, (H®) /(m - 1gv),
k € N. Moreover, 1\ (T/(m- 1)) (z,y) = Zf,j:l Um (Ti5/m) (z;,y;) for all
T = [Ti;] € My (Jum), = = 7], y = [yi] € AF. Tt follows that

k
B (1) (m-1e)) (2,9) = D (B () 25,9),,, = (22 (D), y>:) ’

ij=1
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where \Ifgs) My (Jm) — B (A’;@) is the canonical extension of V¥,,,. Further,

o ¢y m- 1|

k k
= sup { | (7/ (m - 1)) ()| + 2l <1, )P <1}
(k)
—sup{[ (w0 (@))€ b el <1l <1}

- H\I/gf) (T)HB(M)'

m

It follows that

(k) (k) (k)
[ sup{Hwﬁlf) @/ (m- 1)) |TiHE] < 1} = e[
m,a m «
(k) (k)
In particular, ||wm||fsa = sup{Hwa)H ke N} = sup {H\y,&’i) ke N} =
’ m,a «@

H\I/meyb. Thereby, 1, is matrix a-contractive iff ¥, is as well.
Now take an M}-fractionally a-positive element b in My (Jar) / (m - 1gx); that
is,
be (Mg Im)/ (m- 1H"))X/l§,o{'

Then b = Z§=1 T;/ (n; - 1y») for some n; € Mo, n; < m, and T; >, 0 in CF, (Hk),
1 <4 <t. It follows that
t

Y@ ) (w,2) =D 0 (T (ni - 1gw)) (2, 2)

=2 v (T (n'me ) [ (m- 1)) (2, )

(k)

t
= Z <\II$§) (ﬂ (ni_lm . 1Hk)) x,x>
i=1 "

t (k)
= <\I/£,]f) (Zﬂ (n;lm- 1Hk)> m,m>
=1 m

for all k£ € N. Using the density of A in A,,, we derive that \Il,(fi) is m-fractionally
a-positive (see Subsection [[2) iff H i M -fractionally a-positive (that is, with
respect to the cone (My (Jar) / m);\r/léc7 o) Whence ¥, is m-fractionally matrix -
positive iff 1, is matrix a-positive.

Now let n < m for some n € My. Then Jy/n C Ju/m (see Lemma [(.2).
Moreover, (3M/n)j\_/[0’a - (SM/m)LO’a thanks to Lemma Therefore if 1 is
positive with respect to the cone (Jps/ m)&o’a, then it is positive with respect to
the cone (ij/n)LMy too. Therefore o (T'/n) (z,y) = (Ymn (T)x,y),, v,y € A,
for the uniquely determined a-positive linear mapping ¥, ,, : Iy — B(Ay). It
follows that

(Ui (T) 2,y),, =2 (Tnflm/m) (z,y) = <\I'm (Tnflm) x,y>m
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for all z,y € A. In particular,
(k)
(¥, @) 2)" =6 (1) (0 10)) 2.9)
= ¢W(T (n™"m-1ge) [ (m- 1g0)) (2, y)
— <‘I’§ff) (T (n"*m - 1yn)) a:,y>(k)

for all T € My, (Jnr), x,y € AF, k € N. Thus 1), is matrix a-contractive iff ¥,, ,
is as well. By analogy, ¥,,, is n-fractionally matrix a-positive iff v, is matrix
a-positive. O

Remark 7.1. Let ¢ : Jp/M — SF (A) be an inner-product mapping which is M-
fractionally a-positive. Put ¢, o @ Jp/m — C, ¥ (T/m) = ¢, (T/m) (z, ),
which is a linear functional. Using Corollary [[.I] we infer that

Yman (Lt /m) = (Lt /m) (@,) = sup {[¢ (T/m) (2,2)] : T € I, | T, < 1}
= sup { [Yrmz (8)] : b € Tt /0, [bl],0 < 1

- me7x||m7(y

for all m € Mo, v € A. If Fay = >, car Fm is a fractional space in Jar /M
and ¢ : Fay — SF(A) is a unital linear mapping, then we shall use the notation
Gm = O|Fm and ¢z 1 Frn = C, O (b) = i (0) (z,2), x € A, m € M.

Let ¢ : Jp/M — SF (A) be an inner-product mapping which is matrix a-
positive. By its very definition, all restrictions ¥,,, m € My, are matrix a-positive
for a certain cofinal subset My C M. By Lemma [T.5]

¥ (T/m) (,y) = (Ym (T) 2, y),,,, @,y €A,
for the uniquely determined unital m-fractionally matrix a-positive mappings ¥,,
I — B(Am), m e My If K = AIH (m = 1lg € Mo) and ¥ = \Ile, then
U : 3y — B(K) is a unital matrix a-positive mapping (see Subsection [72).

Proposition 7.2. If ¢ : Jy /M — SF(A) is a quantum A-measure on the C*-
algebra Iy with support in H,, then the mapping ¥ = Uy, : Iy — B(K) deter-
mines a quantum B (K)-valued measure on Jpr with support in H, such that v is
a sesquilinear extension of W.

Proof. By Theorem [Tl ¢ : Jpr/M — SF (A) is a matrix a-positive inner-product
mapping. We have to prove that 1 is a sesquilinear extension of ¥ (see Definition
[C3). We set pig o (T) = (U (T) z,y) for T € Jpr and z,y € A. One may extend iy,
to the rational functions from Jy;/M in the following way. Take T'/m € Jar/m.
Put

Fiaay (T/) = (W (T) 2,3, = 0 (T/0) (2,1).
If m = 1y, then [y, (T/1g) = (Y1, (T)x,y) = (¥ (T)z,y) = pgy (T); that is,
foy extends pg,. If n < m, n,m € My, then fi,, (T/n) = ( /n) (z,y) =
Y (Tn~tm/m) (z,y) = [iz,y (T (R"'m) /m). Moreover,

fizy (Tm/m) = ¢ (Tm/m) (z,y) = (T'n/n) (2,y) = fa,y (Tn/n),
whence iz, (Tm/m) = figy (T/1g) = pgy (T). Thus all g, are well defined
extensions of pg ,, respectively. Obviously, the sesquilinear form A x A — C,
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(x,y) = Mg,y (b) is just ¢ (b) for each b € Jar/M. Consequently, ¥ : Ja /M —
SF (A) is a sesquilinear extension of . O

7.5. The admissible inner product mapping. Let Far = > .\ Fm be a
fractional space in Jas /M and let ¢ : Fpr — SF (A) be an inner-product mapping.
So, we have a family A,,, m € My, of Hilbert space completions of A (see Definition
[C1). The following definition plays a crucial role.

Definition 7.4. We say that ¢ : Fpy — SF (A) is an a~admissible inner product
mapping if ¢, (T/m) (z,y) = (U, (T) 2,y),, for some m-fractionally matrix a-
positive mapping W, : 3y — B(A,,) for each m € Mj.

If w:Ju/M — SF(A) is a quantum A-measure on Jp; with support in Hy,
then g is a matrix a-positive inner product mapping by Theorem[TIl In particular,
each [, is matrix a-positive. Using Lemma [[.5, we derive that p,, (T/m) (z,y) =
(U, (T) 2,y),, for some m-fractionally matrix a-positive mapping ¥, : Jyu —
B(A,), thereby p is a-admissible.

Lemma 7.6. Let Far = Y cr Fm be a fractional space in Jar/M and let ¢ :
Fay — SF (A) be a matriz a-contractive inner-product mapping. There are matric
a-positive and matriz a-contractive mappings Vo, : Iy — B (Ay,) such that

om (T/m) (z,y) = (Y (T) 2,9),,
for all T/m € Fp,, m € My, where My is a unital cofinal subset in M.

Proof. Since ¢ is an inner-product mapping, we have a unital cofinal subset M, C
M. Fixm € Mo. ¥ T/m € Fyn, then g (T/m) (,9)| < |6 (T/m)1) ]l [yl
< bl 1Tl Nl Wl < Nl o 1Ty Il 191y < NTM, (1] 19l Us-
ing the density of A in A,,, infer that ¢,, (T//m) is a bounded form on A,,. There
exists a unique operator ®,, (T'|H,) € B(A,,) such that

Om (T/m) (2,y) = (T, (T|Ha) 2,y),,, = ¢ (L /m) (2, (T|Ha) 2, y)
for all 2,y € A. Thus we have a unital linear mapping ®,, : F™ — B(A,,),
®,, (T) = @, (T|H,), where F™) = {T € Jar : T/m € Fp,,} is a subspace in Jas.

With ||¢m||$£a < 1 in mind, we infer that ®,, is a matrix a-contraction. In-

deed, 683 (T/ (m- 10) (2, y) = (@ (T)x,y>(k) for all T = [T;;] € C% (HY),
(k)
o) (@) (m- 1)) =

m

Tij/m € Fm, © = [x;], y = [y;] € A*. In particular,
H@ﬁfi’ (T)H Tt follows that
B(AE,)

)
o], =sue o2 )]

(k)
= Sup{ ]¢<k> (T/ (m- 1Hk))H: LT/ (m- 1) € My (Foa), 1T ® < 1}
(k)

m,x

T e (F7) i < 1}

[

) cb ) || %) cb
In particular, ||®,,||, = sup H@m H :ke N} = |éml, , < 1. Therefore, ®,

is a matrix a-contraction. It follows that it can be extended up to a matrix a-
contractive mapping ¥, : Jar — B (A,,) thanks to the Hahn-Banach theorem [26,



842 ANAR DOSI

Theorem 2.3.1] (see also [9]). Since Jas is a normed quantum system (or operator
system) on H and ¥, is unital, it follows that ¥, is matrix a-positive too [12
5.1.2], [9]. O

Lemma 7.7. If ¢ : Fay — SF (A) is an a-admissible inner product mapping, then
¢ 1s matrix a-contractive.

Proof. By Definition[Z.4] there is an m-fractionally matrix a-positive mapping ¥,

Im — B(A,,) such that ¢y, (T/m) (x,y) = (Y (T)2,y),,. Evidently, m-frac-
tionally matrix a-positivity involves matrix a-positivity. Being a unital mapping,
each U, is matrix a-contractive [9], [12, 5.1.2]. As in the proof of Lemma [[.6, we

(k)
have H¢$,’f> (T/ (m - 1Hk))\ - prﬁ,’? (T . that is,

HB(A&;)

(k) (k)
Jo =suw {]}o® - 1)
m,o m

H (k)

The assumption T'/ (m- 1gr) € My (Fy) just restricts the set of those T in the
latter inequality. In particular,

ST/ (m 1) € My (Fm), IT|P < 1}

(k) (k)
||¢m||fsa=sup{H¢§,’f)H :kJEN} Ssup{H\I/gf)H :kEN}=||\I'm||;b§1.
? m,a «@
Therefore, ¢, is a matrix a-contraction for each m € M. O

Note that we cannot assert that a matrix a-contractive inner-product mapping
is automatically a-admissible. By Lemma [(.6] each mapping ¥, : Ju — B(An)
is matrix a-positive and matrix a-contractive. But we do not know whether ¥,,
is m-fractionally matrix a-positive. That depends on the particular choice of the
mapping ¢ or the C*-algebra Jps related to the denominator set M. In the com-
mutative case each matrix a-contractive mapping ¢ : Fay — SF (A) is admissible.
All details will be presented in the next section. The following noncommutative
case presents an interest to be considered too.

Theorem 7.2. Let Far = ), s Fm be a fractional space in Jpr /M and let ¢ :
Fuy — SF(A) be a matriz a-contractive inner-product mapping. Assume that
m/n2 € Fur and that there is a positive number Ay, ,, with

¢ (m/n?)

)\n,m¢ (1/m) = ¢ (1/n) =

n,m
whenever n X m, n,m € My. Then ¢ is a-admissible.

Proof. By Lemma [L6, ¢, (T/m) (x,y) = (Y, (T)x,y),, for a matrix a-positive
and matrix a-contractive mapping U, : Iy — B (Ay,), m € Mp. Then
(W (n7tm) 2,y),, = ((n™'m) /m) (@,y) = ¢ (1/n) (z,y)
= (&, 9),, = An, (1/ m) (z,y)
= My (2, Y) = (Mm@, Y),,
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for all z,y € A. Using the density of A in A,,, we infer that ¥, (n_lm) =
An,mla,,. Further, note that

(mn =) |Hy = (mlHy) (n]H5) " = ((nlHy) ™ (mlH))
= ((n7'm) [Hs)" = (n™"m)" |H;

for all 3 € A. Whence (n’lm)* =mn~!. With (nilm)* € Ju in mind, we infer
that

<\I/m ((n_lm)* (n_lm)> x,y>m = ¢ (mn"*m/m) (z,y) = ¢ (m/n°) (z,y)
= A (1/0) (,y) = A7 0 (1/m) (2, y)
= <)‘?z,mx7y>m

for all z,y € A. Whence U, ((nilm)* (nilm)) =X A, = Uy (nilm)2.
Using [12, Corollary 5.2.2 ] (see also [9, Corollary 5.5]), we conclude that
U, (T (n7'm)) = Uy, (T) Uy, (0" 'm)
whenever T' € Jpr and n < m, n,m € M.
Now consider the matrices over Jas. Take T = [T};] € Mg (Jasr). Then
W (T (07 me gpe)) = U [Ty (n7'm)] = [Wn (T (0™ 'm))]
= [\I/m (Tij) O, (n_lm)}
= A O (T).

If T >, 0in M (Ja), then \Ilgi) (T) > 0, for ¥, is matrix a-positive. Hence
\Ifgs) (T (n_lm- 1Hk)) = /\mmll’gi) (T') > 0; that is, ¥, is m-fractionally matrix
a-positive. By Definition [7.4], we conclude that ¢ is a-admissible. O

The following corollary of the just-proved assertion will be used in Section

Corollary 7.2. Let Far = Y, carFm be a fractional space in Jp/M and let
¢ : Fur — C be a unital a-contractive functional. Assume that m/n* € Far and

¢(1/n)* = ¢ (1/m)é (m/n®) and ¢ (1/m)>0
whenever n X m, n,m € My. Then ¢ is a-admissible.

Proof. Note that ¢ : Fp; — C is automatically matrix a-contractive. It remains to
use Theorem O

7.6. Noncommutative Albrecht-Vasilescu theorem. In this subsection we
propose a noncommutative version of the extension result proved in [2, Theorem
2.5] by E. Albrecht and F.-H. Vasilescu.

Theorem 7.3. Let M be a unital upward filtered set of demominators, Fy =
Y mem Fm a fractional space in Jn/M and let ¢ : Far — SF(A) be an inner
product mapping. The mapping ¢ extends up to a quantum A-measure 1 : Jas /M —
SFE(A) with support in Ho such that |¥mall,, o = [9mall,,.q0 m € Mo, @ € A,
if and only if ¢ is a-admissible, where My C M 1is a unital cofinal subset. In
particular, ¢ is a matrix a-contraction.



844 ANAR DOSI

Proof. First, assume that ¢ has an extension up to a quantum A-measure ¥ :
Iu/M — SF(A) with support in H, such that ||tm ., , = l|omzll,, , for all
m € My, x € A. By Theorem [T}, ¢ : Jyr/M — SF(A) is a matrix a-positive
mapping such that ¢ (Jy/m) C SE,, (A), m € My. In particular, ¥ is an My-
fractionally a-positive mapping. As we have confirmed in Remark [[T]

[Ymally o = Yme (a/m) =1 (Qu/m)(z,2) = ¢ (1a/m) (z,z)
(see also Definition B.2)). Using Lemma [0, we infer that

¥ (T/m) (,y) = (Ym (T) 2, y),,,, @,y €A,
for the uniquely determined unital m-fractionally matrix a-positive mapping ¥,,, :
Im — B(Ay,). It follows that ¢ is a-admissible (see Definition [74)). In particular,
¢ is matrix a-contractive thanks to Lemma [7.71
Now assume that ¢ : Far — SF (A) is an a-admissible inner product mapping.
So, there is an m-fractionally matrix a-positive mapping ¥,, : Jp — B (Ay,) such
that ¢, (T/m) (x,y) = (Y (T) 2,9),,, T/m € Fp, x,y € A, for each m € My. In
particular, for the fixed m € My we have a matrix a-positive mapping
Y t Ina/m = SFar, (B), i (T/m) (2,y) = (U (T) 2, 9),,
(see Lemma [TH). Take n € My with n <= m. Then 1g/n € F, C F, (see
Definition B.2)) and 1g/n € (31\/1/”)}40,& C (3M/m)41\_/10,a thanks to Lemma
Since ¢y, = G| Fn, it follows that
Yon (L1t /) (2,2) = Y (=) (2,) = (Wp (n~'m) ,2),
= dm (n_lm/m) (z,x)
=¢n (1g/n)(x,2) >0
for all z € A\ {0}. Using the same argument as in proof of Lemma [[5] we derive

that there is a unital n-fractionally matrix a-positive mapping U, ,, : J;r — B (Ay)
such that

for all T € Jur, x,y € A. In particular,
is a unital matrix a-positive mapping such that
(73) Ym,n = ’Ym|3M/n
and
Y (T/n) (2,y) = (U (Tn"'m) z,y), = ¢m (Tn"'m/m) (z,y)
= on (T/n) (z,y)
whenever T'/n € F,, z,y € A; that is,
(74) 'Ym,n'J: = (bn

Now we use the trick proposed in [2, Theorem 2.5] (see also [19]). Fix m € M
and consider the set K, of all complex-valued functions a : Jar/m x A x A — C
such that

la (T/m,z,y)| <[ Tls ], 1yl
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for all (T'/m,z,y) € Ju/m x A x A. Evidently, the set K, is a compact space

with respect to the pointwise convergence topology. Therefore K = [] K,, is
me My
a compact topological space. Consider its subspace 2,, C K comprising those

a = (an)pecp, € K such that for each n € My, n < m, the mapping a, :
Ium/m — SF(A), an (T/m)(x,y) = an (T/m,z,y), is matrix a-positive with
an = am| (Jar/n x A x A) and a,|Fp, = ¢y. Then Q,, is closed, and therefore it is
a compact space. Moreover, as we have just proved above, w = (wn), ¢ My € Qs
where Wy, = Ym, Wn = Ym,n if n < m, and wy, = 0 otherwise (see (C3) and (T4)).
Further, if m < s for some m, s € My, then Qs C Q,,. Indeed, if a € Q4 and
n =< m, then n < s. Therefore

| (T /n X A X A) = (as| Fu/m x AXA)) | (Fu/nx A xA)
=as| Ju/nx AXA)=a,

and a,|F, = ¢,. Whence a € Q,,.
Taking into account the fact that Mj is a cofinal subset of an upward filtered set,
we deduce that {Q, : m € My} is a filter base in the compact space K. Therefore

the set [ €, being the set of all limit points of the filter associated with the
me My
indicated filter base is nonempty [3, 1.9.1]. Take b = (by),cps, € 1 2. Then
meMy
bm| (Sa/n x A x A) =b, and b,|F,, = ¢, whenever n < m, n,m € My. We put

(0 (U') (J?,y) =bm (U'a €, y)

ifueJIu/m,z,y € A lfueJy/nNJIp/s for some n,s € My, then Jpr/n +
Im/s CJIm/m for a certain m € My, for M is upward filtered and My is its cofinal
subset. With b € €2, in mind, we infer that

bn (u, z,y) = by (u, 2,y) = bs (u, x,y)

for all z,y € A, and the mapping (z,y) — b, (u, z,y) is a sesquilinear form. Thus
Y Ju/M — SF(A) is a well defined matrix a-positive mapping extending ¢.
Using Theorem [[T]and Lemmal[l7, we derive that ¢ (Jar/m) C SF,, (A), m € My,
and ¥ is a matrix a-contraction. Hence

I bm.allna < 1Umaly,q < 10 Qa/m)l, 23, < |22,

S lomell o
>~ m,zlm, o

that is, [[pm.zll,, o = 1¥m.zll,, , for allm € My, z € A. O

Remark 7.2. As we have mentioned in the introduction, the functional scheme of
the fractional space technique developed in [2], [24] and [25] can be considered as a
particular case of the proposed above quantum construction. The space H, repre-
sents the square integrable functions with support in a compact set K,. Keeping
the support of a quantum A-measure ¢ : Jy/M — SF (A) in H,, just proving
Theorem [7.3] effectively generalizes the relevant functional extension result proved
in [2, Theorem 2.5] (see Corollary Bl below).
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8. THE MUTUALLY COMMUTING DENOMINATORS

In this section we investigate the fractional spaces associated with a set of mu-
tually commuting positive denominators, and using the noncommutative Albrecht-
Vasilescu theorem we solve the quantum moment problem for this case.

8.1. The C*-algebra Mé related to M. Let M C 9Mie be a subset. We say
that M is a commutative set of denominators in Me if M consists of mutually
commuting positive operators from Mg with 15 € M. We set M{ to denote the
commutant of the set M in the C*-algebra C3 (H); that is, My = M’ N C% (H),
where M’ is the commutant of M in B (H). Since all operators from M are normal,
it follows that (see for instance [20, 12.12.16]) M is a unital C*-algebra in C3 (H).
Taking into account that M is itself commutative, we conclude that M C M, é For
each k € N the set M* = {m - 1y« : m € M} is a commutative set of denominators
in C}, (H*). Its commutant in C§, (H") is denoted by Mék IfT =Ty € Mék,
then [Ti;m] =T (m-1gx) = (m - 1gx) T = [mT;;] for all m € M. Hence

(8.1) My, =My (Mg)
for all k.

Lemma 8.1. Let M be a commutative set of denominators in Me. If n < m for
somen,m € M, then n='m > 0 in the C*-algebra C% (H). Moreover, n"'m € M.
Thus M is a C*-algebra in C§ (H) related to the set M.

Proof. Take o € A. Since n is an E-bijection, it follows that n~!|H, = (n|H,) ' €

B (H,). Taking into account that n > 0 and o (n) = |J o (n|H,) (see Corollary
acA

2.1), we deduce that o (n™'|Hy) = o (n|Hy) ™' > 0; that is, n~*|H, > 0. Moreover,
(m|Hy,) (n|Hy) = (n|Hy) (m|H,). Therefore (n_lm) |H, = (n_1|Ha) (m|Hy) =
(m|H,,) (n_1|Ha) > 0; that is, <(n_1m) x,x> > 0 for all z € D. Since n~'m is
bounded and D is dense, we derive that n~'m > 0.

Now take k € M. Then

((n= ) K) [Ho = (n™"m) | L) (b Ha) = (0™ |Ha) (] ) (HL )
= (k (n'm)) |

for all « € A. Whence n~'m € M'. But n='m € C} (H); therefore n='m € M.
Hence M is a C*-algebra related to M (see the passage after Definition [(.2). O

8.2. The fractional space M(/M. Take m € M. Consider the fractional space
C% (H) /m and its subspace M} /m ={T/m : T € M;}. We set

Mg/M =Y Mg/m,
meM

which is a subspace in C% (H) /M.

Lemma 8.2. The space M /m is a quantum system in C§ (D). Moreover, M¢ /M
is a fractional space in C¢ (H) /M.
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Proof. First, note that 1p = m/m € M./m and 1y/m € M[/m. Further, each
T /m has the unbounded dual, namely, T*/m. Indeed,

(T/m)a,y) = (T mID) " 2,y) = ((mD) "' 2, Ty)
= (. (mD) " T7y) = (., 7" (mD) ' y)
= (&, (1" fm) )

for all z,y € D. But T*/m € C§ (D). 1t follows that (T'//m)" =T*/m € M}/m [9,
Proposition 3.1]. Thus M{/m is a quantum system in C§ (D).

Now let n < m for some n,m € M. If T/n € M, /n, then T/n = Tn"'m/m €
C% (H) /m. By Lemma Bl n~'m € M{. Therefore Tn~'m € M}; that is, T)/n €
M¢/m. Thus M{/n C M{/m. According to Definition 5.2, M} /M is a fractional
space in C% (H) /M. O

Remark 8.1. Let © C C¢ (D),, be a unital subset of symmetric operators, and let
M ={Dg:S €0} with Dg =2 —Ug — Ug (sec (31)). Then M is commutative
if © is as well. Indeed, take Dg, Dy € M for some T, S € ©. Note that

Ds|H, =4 (14 S*|H,) " € B(H,)
for all o € A, thanks to (B3] (see the proof of Lemma [34). Therefore if [S,T] =0

in Cf (D), then [S|H,, T|Ha| = 0, which in turn implies that [Dg|Hq, Dr|Hq) =0
for all @ € A. Further, note that

US S Mé—

Indeed, Ug|H, = 7 (S|H,) (see Remark B.1)), where r (t) = (t —i) / (t +1i), t € R,
is a rational function. Therefore

[Us|Ha, Dr|Hol = [7“ (SIHa),4(1+T2|Ha)*1} )

for all « € A. It follows that [Us, DT] =0forall S,7€©. But Ug € Ug C Ct (H)
(see Theorem 1)), thereby Ug € M’ N C (H) = M.

Consider an n-tuple S = (S1,...,S,) of mutually commuting operators from the
set C¢ (D). Then we have a mutually commuting n-tuple Dg = (Dsg,,...,Dg,)
of bounded positive operators from Cf (H) (see Remark B]). For an n-tuple A =
(ALs- .- An) € Z we set Dy = D' -+~ Dy~ € C# (H). Then

S={Dy: ez}
is a unital commutative set of denominators in C% (H). Note that D§ < DY if
A< pin Z%. Indeed,
D3 0% - [[ 05 ot — [T (14 89 e 611
i=1 i=1
(see Remark BI). In particular, S is upward filtered; that is, for a couple D3, D
there corresponds DY with D3 < DY and D3 < D¥. Just put v = max{\, u} in
77 . Thus
S¢={Te€C:(H):[T,Ds,]=0,1<i<n}.
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One can easily verify that
St ={TeC:(H): [T|D,S?D] =0,1<i<n}.
Moreover, as we have just confirmed in Remark B1] Ug, € S, for all 4.
Lemma 8.3. Let M be a commutative set of denominators in C% (H) and let

a € A. Then (Mé/m);[a = (Mé/m): In particular,

(Mg/M)S =" (Mp/m)]
meM

and if My C M is a cofinal subset, then
+ + + +
(Mg/m)py, 0 = (Mg/m)y o and  (Mg/M), = (Mg/Mo), -
Proof. Evidently, (Mé/m);|r ={T/meM./m:T >,0} C (Mé/m);[a (see Re-
mark [G1). Take b =T/m € (M}{/m)}, . Then b= S | Ti/n, for some T; € M},
T; >4 0,n; € M,n; <m, 1 <4<k (see Subsection6.2). By LemmaBIl n; 'm >0
in the C*-algebra M/. In particular, n;lm >« 0. Moreover,

(Ti\Hp, (0 'm) |Hs) = [T3/Ha, (nil Hg) ™ (ml H)|

= |TlHs, (nilHp) ™| (m|Hp) + (ul Hg) ™ (T3 H, (m| )
=0
for all 5 € A. Hence [Ti,ni_lm} = 0 for all i. Therefore T; (ni_lm) >, 0 for
all 4, which in turn implies that S = Zle T; (n;lm) >4 0. But b = S/m, so
b€ (M}/m)~. Consequently, (M"g/m)La = (M}/m)?, which in turn implies that

(Mg/M)y =3 s (Mg/m),
Finally, let My C M be a cofinal subset. If m € My, then (see Lemma [G.6])

(Mg/m)y C (Mg/m)yy, o € (ME/m)y, o C (Mg/m), ;

that is, (M} /m)} = (M} /m)y, .. Whence (Mg/M)} = (Mg/Mo),. 0

As follows from Lemma B3] all varieties of the fractional positivity (see Remark
[61) that occurred in the noncommutative case are unified in the commutative one.

Now consider the matrix spaces over the fractional space M{ /M. First note that
M, (Mg /M) =37 cpr Mg (Mg /m) for all k. Using 6.2) and (), infer that

M (Mg /m) = Mgy / (m - 1),
which in turn implies that

My, (Mg/M) = § M/ (m-1gn) = Mp /M",
meM
Due to Lemma R3]

+ + +
(Mg / (m 1)) ppn o = (Mge/ (m- 1ppe) = (Mgi/ (m- 1)) e
for a cofinal subset My C M. Whence

(Mo /M*) D= 57 (Mg (m 1)) 5 = (M /M)
meMPFE



LOCAL OPERATOR ALGEBRAS 849

As above fix an n-tuple S = (S1,...,S,) of mutually commuting operators in
C% (D), and consider the commutative set S = {D3 : A € Z } of denominators in
C% (H). The unital *-subalgebra in C¢ (D) generated by S is denoted by Ps. It is
a quantum *-algebra in Cg (D) of all polynomials taken by S. If v € Z7, then we
have an unbounded operator

n n
D" =T[ D" =27 (1o + 53)"* € c2 (D),

i=1 i=1

. i\ 1/2
where (1p + Sf)vl/2 |Hy = ((1 + (Si|Ha)2>U ) is the square root of a positive

operator. For the fixed A € Z" we consider the following subspace:

Ps,» = span {S” = Sfl oS DEU/QDQ

n
= H4>\wvi/2 (1p + Siz)vi/Q—)\,; is bounded} C Ps.
i=1

Note that if v < 2, then each (1D + Siz)vi/%)‘i is bounded. Therefore D;U/QDQ

is bounded and therefore S” € Pg . Thus {SV:v <2} C Pg . It follows that
Ps=> NGERY

Lemma 8.4. The quantum x-algebra Ps = >, Ps x is a fractional subspace in
S./S. Namely, 1y /D3 € Psx C St/Dy and Ps,x C Ps,,, whenever Dy < D¥.

Proof. First note that being a quantum *-algebra, Pg is a fractional space thanks
to Corollary 5.1l Let us prove that Pg = >, Ps,» is the fractional space expansion
(see Definition [5.2). Note that

1H/Dg = Dg)\ — 4~ H (1D +52))\7: — 41 Z <)\)S2()‘q)

i=1 0<qer MM
e span{SY: v <2A} C Pgy;

that is, lH/Dg € Ps -
Now take S” € Ps . Then SUD? is bounded. Indeed, first prove that

(8.2) 2D/ >, 80 >, 2l pgt/?

for all & € A. Note that the C*-algebra A, in B(H,) generated by the mutually
commuting operators S|Hy, = (S1|Ha, ..., Sn|Ha) is a commutative C*-algebra
which is identified to within a =-isomorphism, with the algebra of all complex
continuous functions C (o (S|Hy)) on the character space o (S|H,) of A,. Let
t = (t1,...,tn) be the real variables running in the spectrum o (S|H,). Since

o (S|Hy) C ] o (Si|Hy), it follows that t; € o (Si|Ha), 1 < i < n. Moreover,
i=1

SU|H — H tz)z and 2|’U|D§U/2 _ 1—[ (1 +t12)’u,/2
i=1

i=1

in C (o (S|Hy)). With <

n
I e
i=1

(1 + t?)vi/z in mind, we derive the inequality (82). Further, since D > 0 and

n
i=1
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D3|H,, commutes with D§1}/2|H(y and SV|H,,, we also deduce that 2‘”‘D§U/2Df‘g >
S'D3 >, —2‘”|D§v/2Dg. In particular,

|S” D, || < 2!

D5 D} Ha

’ < olvl

o573

for all @« € A. But D;v/QDf‘g is bounded, for SV € Pg ). Consequently, S”Df‘g is
bounded.

In particular, S¥ = S”D3/D3 € S./D3. Thus Pgy C S¢/D3 is a unital
subspace.

Finally, Ps x C Ps,, whenever Dg =< Dg. Indeed, take v € Z7 with S € Pgx.

Then DgU/QDg and Dg)‘Dg are bounded operators and
—v/2 L —v/2 -\
Dyg / D§ = (Ds / DQ) (Ds Dg)
turns out to be a bounded operator. By its very definition, S¥ € Pg . O

Proposition 8.1. Let M C 9Mg be a commutative set of denominators, Fy =
Yomem Fm € Mg/M a fractional space, and let ¢ : Fpy — SF(A) be an inner-
product mapping. Then ¢ is a-admissible if and only if it is matriz a-contractive.

Proof. By Lemma [[7] each a-admissible inner product mapping is matrix a-
contractive.

Now assume that ¢ : Fpr — SF (A) is a matrix a-contractive inner-product
mapping. By Lemma [0 there are matrix a-positive and matrix a-contractive
mappings ¥, : Mg — B(A,) such that ¢, (T'/m) (z,y) = (¥Ym (T) z,y),, for all
T/m € M./m, m € My, where My C M is a unital cofinal subset. If n < m for
some n,m € My, then n='m > 0 in the C*-algebra M, by virtue of Lemma Bl
Take T' € M¢, T >, 0. Then

T (n~'m) /m=T/ne (Mg/n)}, C (Mg/n)y;, C (Mg/m)y, © (Mg/m)}

due to Lemma B3l It follows that T (n~'m) >, 0. Since My (M;/M) = M, /M*
and (n='m) - L. > 0, we derive that T ((n"'m) - 1gr) >4 0 whenever T' € M,
T >, 0, on the same grounds. By assumption each ¥, : Mg — B(A,,) is matrix
a-positive, therefore \Ils,]f) (T (nilm . 1Hk)) > 0. Thus ¥, is m-fractionally matrix
a-positive (see Subsection[.2). Therefore ¢ is a-admissible (see Definition[ ). O

8.3. The quantum moment problem. Let us return to the quantum moment
problem mentioned in the introduction. Fix an n-tuple S = (S1,...,S,) of mu-
tually commuting symmetric operators in Cg (D) and consider the commutative
set S = {D3 : A\ € Z" } of denominators in C§ (H). According to Lemma §4] the
polynomial *-algebra Pg generated by S is a fractional space in Sg/S. Consider
an inner product space A whose completion is denoted by K, and also a unital
linear mapping ¢ : Ps — SF (A). We say that ¢ is an H,-moment form (or local
moment form) if there is a quantum A-measure p : Sz /S — SF (A) with support
in H, (see Definition [[2) such that

(8.3) d(p(9)) (z,x) = py (p(S)) forall p(S) € Ps and z € A.

In this case p is called a representing quantum A-measure for ¢. Replacing p by
a quantum A-measure with support in D, we can introduce a moment form. The
moment forms can also be expressed in terms of quantum B (K )-valued measures,
as follows from Lemma
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Lemma 8.5. A wunital linear mapping ¢ : Ps — SF (A) is an H,-moment form
iff there is a quantum B (K)-valued measure ¥ : 8¢ — B (K) with support in H,
such that ¢ (p (S)) (z,z) = g (p(5)) for all p(S) € Ps and x € A, where p is a
sesquilinear extension of V.

Proof. Tt suffices to use Proposition and Definition O
Now we prove the central result which solves the quantum moment problem.

Theorem 8.1. A unital linear mapping ¢ : Ps — SF (A) is an Hy-moment form
if and only if ¢ is a matriz a-contractive inner product mapping.

Proof. If ¢ is an H,-moment form, then there is a representing A-measure p :
S:/S — SF (A) with support in H,. By Lemma [(4] p is an inner product map-
ping, which is matrix a-positive by virtue of Theorem [(Il In particular, p is
My-fractionally a-positive. Take p (S) € Pg. Using (Z.2) and ([83]), we infer that

4p (p(9)) (@, y) = dpta,y (P (5)) = toty (P (S)) = pa—y (P (5))
+iptatiy (p () = itz —iy (p (5))
=¢o(@9) (@+y.z+y) —o(p(9) (x—-y,z—y)
+1i¢ (p(9)) (z + iy, z +iy) —id (p(S)) (x — iy, x — iy)
=4¢(p(9)) (z,9);

that is, 1 (p (5)) = ¢ (p (S)). Hence p extends the mapping ¢. Further, by Corollary
ol

p (L /m) (z,2) = sup{|p(T/m) (z,2)| : T € Sg, [IT, < 1} = [ttm.ll, 0
> lom.all o = ¢ (L /m) (2, 2) = p(Lu/m) (z, z)

(see Remark [TT)); that is, ||pm.z|l,, , = l|Pm.ell,, , for allm € S, z € A. Using
Theorem [3] we infer that ¢ is a-admissible, which in turn implies that ¢ is matrix
a-contractive thanks to Proposition Rl

Now assume that ¢ is a matrix a-contractive inner product mapping. By Propo-
sition B], ¢ : Ps — SF (A) is a-admissible. Using Theorem [(3] we deduce that ¢
extends up to a quantum A-measure p : S¢/S —SF (A) with support in H,. It fol-
lows that pg (p(S)) = 1 (p(9)) (z,2) = ¢ (p(S)) (z,z) for all p(S) € Ps. Whence
¢ is Hy-moment form. O

Corollary 8.1. If 1 : S¢ /S — SF (A) is a representing quantum A-measure with
support in Hy, for an Hy-moment form ¢ : Ps — SF (A), then there exists a unique
positive B (K)-valued measure E over all Borel sets in R™ whose support lies in K,
such that

6(p(S)) (z,2) = /p(t) By, (1) for all p(S) € Ps and z € A.
R
Conversely, each such spectral measure E for an H,-moment form ¢ : Ps —
SF (A) can be extended up to a quantum A-measure p with support in Hy,.

Proof. Let Cs be the unital C*-algebra in C§ (H) generated by all unitaries Us,,
1 < i <n. Obviously, Cg is a C*-algebra in C% (H) related to S (see Remark B.T]).
Moreover, Pg is a fractional subspace in Cs/S (see the proof of Theorem 4.8 from
[25]). The algebra Cg is a normal subalgebra in B (H) (actually in S;), and all H,
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are reducing subspaces for Cg. Using Lemma 22 we derive that Spec (Cg) is the
closure of the union (J, ., Spec (Cs|H,). Note that Spec (Cs) is a compact subset in
T". If 7 € Spec (Cs) with 7 (Us,) =1 for a certain i, then 7 & {J,, Spec (Cs|Ha)
by virtue of Proposition Bl Hence |J,, Spec (Cs|Hqa) C (T\{1})", which means
that {Spec (Cs|H,)} are identified with an upward filtered family of compact sets
{K4} in R™ by means of the inverse Cayley transform. Further, the quantum
x-algebra Pg is a normal algebra of unbounded operators thanks to Proposition
B Furthermore, the fractional space Cs/S is identified with the functional space
C (Spec (Cs)) /M of fractions [25]. It follows that Ps can be identified with the x-
algebra P,, (X) of all polynomial functions on a certain (unbounded) subset X C R™
which is the union of its compact subsets K, o € A.

Now comparing the results [2] Theorem 3.2] and Theorem ] we obtain that if
w:S:/S — SF(A) is a representing quantum A-measure with support in H, for
¢ :Ps — SF (A), then there exists a unique positive B(K ) valued measure E over

all Borel sets in K, such that p, (p f p(t)dEg 4 (t) for all p(S) € Ps and
x € A.

Finally, the extension of the spectral measure E up to a quantum A-measure p
is provided by the extension theorem, Theorem O

Remark 8.2. It worth noting the global version of this assertion. Namely, if p :
S:/S — SF(A) is a representing quantum A-measure for a moment form ¢ :
Ps — SF (A), then there exists a unique positive B (K)-valued measure E over all
Borel sets in R™ such that ¢ (p (S) f p(t)dE; (1), p(S) € Ps, x € A.

Conversely, each such spectral measure F for a moment form ¢ : Ps — SF(A)
can be extended up to a quantum A-measure p.

8.4. The moment form ¢ : Ps — SF (D). Now we apply Theorem BT to a
special example, that of A = D. For brevity, we consider the “global” moment
form instead of the local one. Again fix an n-tuple S = (S1,...,S,) of mutually
commuting symmetric operators in Cg (D), and consider the commutative set S =
{D2 : X\ € Z"} of denominators in C§ (H). By Lemma B4 the quantum #-algebra
Pg is a fractional space in S;z/S. Put A = D and consider the following linear
mapping:
¢:Ps = SF(D), ¢(5)(z,y)=(5"2,y),

where v € Z7.

Lemma 8.6. The linear mapping ¢ : Ps — SF (D) is a matriz contractive inner
product mapping. In particular, ¢ is a moment form.

Proof. First note that ¢ is an inner product mapping (see Definition [[T]). If = €
D\ {0} and A € Z", then we have

10) (1/D§) (z,z) = <ﬁ4)"' (1 + Sf)Ai x,x> =4~ <ﬁ (1 + Sf)/\"' x,x>

i=1
>4~ 1A (x,x) > 0.

Further, put (z,y), = <D§)‘a:,y>, z,y € D, and take T = [Tj;] € My (Sg) = Sg..
(see BI)). Then [T|HE, (D3 - 1gv) |HE] =0 for each a. It follows that

|T*T|| (D™ - 1) >a T*T (Dg* - 1px) >4 0.
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Confirm that 0 < T*T < |T*T|| 1 g». Consequently,
(T*T (Dg’\ Agr) z,z) < || TT| <(D§)‘ lge)z,x) forall z €D
Then

2
(1) = (2, 7o) = (T°T (D3 1) v, 2)

2
< T T (D 1) ) = 171 (121
for all z € D*). Hence
‘qb(k) (T/ (Dg‘v . 1ch)) (z,9) ‘ = ‘ T D_A . 1ch)x y | = ‘ ng . 1Hk)T:c,y>|
= (T, < 1Tl Iyl < 1T IS Iyl
(k)
15

which in turn implies that ||¢(k) (T/ (D% - 1gv)) <||T| = HT/ (D3 - 1gv) ||§\k)

(k) (k)

and ‘ ¢E\k) H = sup {Hd)g\k) (b)H : ||b||g\k) < 1} < 1forall A\. That is, ¢ is a matrix
A A

contractive inner-product mapping. By Theorem B, ¢ is a moment form. d

9. THE NONCOMMUTING VARIABLES

A noncommutative version of the moment form ¢ : Ps — SF(A) from the
previous section has a more complicated structure. In this final section we demon-
strate how the general framework of the quantum moment problem developed in
the previous sections can be used for a certain class of noncommutative tuples of
symmetric operators from the algebra CZ (D).

Let S = (S1,...,Sn) be an n-tuple of operators in Cg (D),, and let Pg be a unital
associative subalgebra in C§ (D) generated by S. Thus Pg is a quantum *-algebra.
For each tuple J = (j1,...,Jk), 1 < js < n, we use Sy to indicate the “real”
noncommutative monomial Re ((—i)° S) in Ps, where e = 0,1 and Sy = S;, - -+ S,
Since each element in Pg has unique expansion by means of its real and imaginary
parts, we derive that the linear space Pg is generated by the monomials S, where
e = 0,1 and J runs over all tuples in elements of the finite set F,, = {1,2,...,n}.
For the fixed tuple J = (j1,...,jx) we define its conjugate J* as J* = (j,...,j1).
Evidently, S% = S;«. Further, for the tuples J = (j1,...,Jjx) and K = (k1,..., ks)
we put J UK = (ju1, ..., Jk, k1,--.,ks). Evidently, (JU K)* = K* U J*. Note that

3. =Re((—i)'S ) = 471 ((~i) Sy +i55)°
=47 ((-1)° ST+ (1) 87 + 5,55 + 555)
=47 ((-1)" JuJ+( 1) Syeugs + Syuse + Srur)
=47 (=1 (Ssus + Sun=) + (Saus + Suus-))
=471 (=D 2Re (Syus) +2Re (Ssus-)) = 271 ((=1) Ssus0 + Ssus+0) -

Thus in the noncommutative case a simple algebraic operation over the monomials
S would change the relevant tuples J significantly. So, it is not possible (except
in some special cases) to obtain a similar decomposition for the algebra Pg as in
the commutative case proposed in Lemma [R4l Nonetheless, some decomposition
exists in the general case.



854 ANAR DOSI

Consider the real subspace Ps in Pg generated by these monomials. Thus each
element a € Pg is a “real” linear combination a = ZJ}E 77576 T5e € Ro In
particular, Ps C C% (D),,.

Let us introduce the set M = {D,, : a € Pg} of positive denominators in C% (H),
where

Dy=2-U,—U,.

Since Do|Hy =4 (14 aQ|Ha)_1 (see (B3)), it follows that (1 + a2)_1 € Cf (H) for
each a € Ps.

Definition 9.1. We say that S = (S1,...,.S,) is an admissible n-tuple of operators
in C¢ (D),, if for each couple a,b € Ps there is ¢ € Pg such that the operators

a? (1+ 02)_1 and b? (1 + 02)_1 are bounded.

If S is an n-tuple of mutually commuting operators in C¢ (D),, then it is admis-
sible. Indeed, in this case Sjc = S, and Pg is just the real linear space generated
by the monomials S;. Since a, b € Pg are commuting operators in C (D), it
suffices to set ¢ = a? + b%. As an example of a noncommutative case, one may con-
sider an n-tuple S for which all monomials S, of length at least k& are commuting.
This type of example can be constructed in some formal way, taking an appropriate
quotient of the relevant free algebra. In order to satisfy the conditions of Definition
in this case, it makes sense to consider polynomials a = p (S), b = ¢(S) € Ps
without free terms. Then 2" and b2" are commuting for a certain k. It follows
that a2" (1+¢%) 22" But

-1 -1
a® (1 + azk) and b2 (1 + ka) are bounded too. Consequently, a? (1 + 02)71
and b? (1 + 02)_1 are bounded.

! and b2 (1 + 02) -1 are bounded whenever ¢ = a

Lemma 9.1. Let S = (S1,...,5,) be an n-tuple of operators in Cg (D),. Then
S is admissible iff the set M = {D, : a € Ps} of denominators is upward filtered.

Moreover, the subset M), = {Da ta € Pék)} C M is a unital cofinal subset, where

Pék) = {an ta € PS}, k e N.

Proof. By its very definition, D, < D, means that the operator D, *D.,. is bounded.
But D;'D. = (1+a?) (14 02)_1, thanks to ([3.3). Thereby, the operator D, D,
is bounded iff a? (1 + 02) s as well. In particular, for each couple a, b € Pg there
corresponds ¢ € Pg such that D, < D, and Dy, <X D,.

—1
Further, as we have shown above, a? (1 + a2k+1) is bounded for each a € Ps.

In particular, D, <X Dy, where b = a? € Pék). Consequently, M) C M is a cofinal
subset. O

We write a < b for some a, b € Ps, if D, < Dy; that is, D, ! Dy, has the bounded
linear extension denoted by Dg,. Thus a =< b iff the operator a? (1 —|—b2)71 is
bounded thanks to Lemma

Now we put P, = Ps N (C§ (H)/Dy). Then 15 /D, = D' =471 (1p +a?) €
Ps. Using Corollary 5.1 we deduce that Pg = Zae ps Pais & fractional space.
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Now take n = Dy, m = Dy, such that n < m. Then 1/n = D' =471 (1p + a?),
1/m= D;l =41 (1@ + b2) and m/n? =471 (173 + b2)71 (1@ + a2)2. We set

Ray = (1p + %)~ (1p +4?)* € C£ (D)

whenever ¢ < b. Let us introduce the x-linear subspace Rg in Cf (D) gener-
ated by all @ and R,,. Obviously, Ps C Rs. If R, = Rs N (CE(H)/D,),
then 1y/D, € P, € R, and R, C R, whenever a < b. Indeed, the lat-
ter relation between polynomials implies that D, < D} (see Lemma [01]). Then
C¢(H)/Dq C Cf(H) /Dy (see Lemma [5.2), which in turn implies that R, C Ry.
Thus Rs = >, p. Ra is a fractional space in Cg (D) (see Definition 5.2). Further-
more, Rop = 4m/n? =4 (mn~1) /n =4 (n"'m)" /n € Rs N (C% (H) /Dy) = Ra.

Each unital a-contractive linear functional ¢ : Rg — C is uniquely determined
by the numbers v, = ¢ (a) and v, = ¢ (Rap) with @ < b. As in the previous section

¢ : Rs — C is said to be an H,-moment form if there is a quantum C-measure
w: CE(H) /M — C with support in H, (see Subsection [(.3)) such that

p(a) =7 and p(Rap) = Yab, @ 3 b.

In this case u is called a representing (scalar) measure for ¢.

Theorem 9.1. If ¢ : Rs — C is a unital a-contractive functional such that
_ 1 2))*
¢((1D+b2) 1(1D+02)2) :M

1+¢(b?)
for all a,b, a < b, then ¢ is an H,-moment form.

Proof. Since Rg is a quantum system in Cf (D), it follows that ¢ is matrix a-
positive. In particular, ¢ (az) > 0. Thereby ¢ (1g/D,) > 0 for all a € Ps. Hence
¢ is an inner product mapping. By assumption

¢ (1/Da)* = ¢ (1/Dy) ¢ (Dv/ D7)
whenever D, < D,. Using Corollary [[.2] we infer that ¢ is a-admissible. By Theo-

rem[73 the mapping ¢ extends up to a quantum scalar measure p : C% (H) /M — C
with support in H,. Whence ¢ is an H,-moment form. O

Remark 9.1. One may restrict the assumptions demanded in Theorem [0.] using
the cofinal subset My C M proposed in Lemma O]
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