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1. Introduction

Let £(X) be the Banach algebra of all bounded linear operators acting on a
complex Banach space X and let T' = (11,...,T,,) be a family of operators in
L (X) generating a finite-dimensional nilpotent Lie subalgebra gr C £ (X). It is
known [21] that the Lie ideal [gr, gr] of commutators consists of quasinilpotent
operators. We say that T generates a supernilpotent Lie algebra gr if [gr, g7)
consists of nilpotent operators. Obviously, each mutually commuting operator
tuple generates automatically a supernilpotent Lie algebra. Moreover, if X is a
finite-dimensional space then each nilpotent Lie subalgebra in £ (X)) is supernilpo-
tent. The class of noncommutative supernilpotent Lie algebras of operators on an
infinite-dimensional Banach space X is sufficiently wider than the class of commu-
tative Lie algebras. The well developed joint spectral theory for an operator tuple
T generating a nilpotent Lie algebra has been proposed in papers [1], [6], [7], [12].
In particular, we have a well defined Taylor spectrum o (T') of the operator tuple T'
which possesses the spectral mapping property with respect to the noncommuta-
tive polynomials. The relevant (noncommutative) holomorphic functional calculus
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about the Taylor spectrum o (T') remains inexplicit. Some developments toward
this problem have been done in [3], [4], [5], [6], [10], [17]. The aim to conduct Tay-
lor’s program [20] (see [11] for the commutative case) on the general framework of
the “noncommutative holomorphic functional calculus” for a nilpotent Lie algebra
of bounded linear operators. The basic result of Taylor’s approach is to create
a subtle connection between the joint spectral theory and topological homology
(see [20], [11] for the commutative case). Namely, the resolvent set with respect
to the Taylor spectrum can be described in terms of the transversality behavior
of the sheaf O of germs of holomorphic functions in several complex variables.
The operator families generating supernilpotent Lie algebras have great advanta-
geous to implement that connection in the noncommutative case. One may use
the Fréchet algebra sheaf Ty of germs of formally-radical functions in elements of
a positively graded nilpotent Lie algebra (the noncommutative variable space) g
proposed in [8] (see also [5]). As a sheaf of the Fréchet spaces, T4 has a relatively
simple structure, namely it is just the projective tensor product

Ty = ORC [[wi, - - -, wi]]

of the sheaf O of germs of usual holomorphic functions over C™ and the con-
stant sheaf C[[wy,...,wg]] of all formal power series in k-variables, where m =
dim (g/ [g, g]) and k = dim ([g, g]). The algebraic structure on T4 (D) for a poly-
disk D is uniquely lifted from the universal enveloping algebra U (g) which is its
proper subalgebra (see Section 3). Confirm that similar construction is used in
the noncommutative algebraic geometry in [16]. In particular, T3 = O whenever
g is a commutative Lie algebra. If T is a m-tuple of operators on X generating a
supernilpotent Lie algebra then X turns out to be a left Banach module over the
Fréchet algebra Fy = T4 (C™) of all global sections of the sheaf T, that is, all
entire formally radical functions act on X. Moreover, T, (D) possesses the Koszul
resolution [5], [8], which is a free Ty (D)-bimodule resolution.

In the present paper we prove the crucial result of Taylor’s approach on
the connection between Taylor spectrum and transversality for an operator family
generating a supernilpotent Lie algebra. Namely, let T be a m-tuple of bounded lin-
ear operators on a Banach space generating a supernilpotent Lie algebra in £ (X).
Then X turns out to be a Banach left Fj-module for a certain nilpotent Lie alge-
bra g of noncommutative variables, and the resolvent set C™\ o (T") with respect to
the Taylor spectrum o (T') consists of those A € C™ such that T, (D) Lz, X (that
is, Torfg (%4 (D), X) = {0} for all k) for a certain small polydisk D containing A.
Moreover,

Ty (D) Lrs, X <= Dno(T)=0.

This result plays a key role in the solution of the noncommutative holomorphic
functionl calculus problem for a supernilpotent Lie algebra of operators [9]. Con-
firm that we are using homology theory for the topological algebras developed by
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J. Taylor [19] and A. Ya. Helemskii [14]. The proof is based upon a noncommuta-
tive version of the known result on analytically parametrized complexes of Banach
spaces [18] by J. Taylor.

2. Preliminaries

All considered linear spaces are complex and algebras are assumed to be unital
and associative. Taking a linear space X, AX = @©p>q AF X is the exterior algebra
of X. Ifu=wui A...ANuy € A*X is a k-vector then we use the following denotation
w;, =ur A... AU A... ANuyg, for (k — 1)-vector, where 4; means the omission of the
variable u;. If we throw out two variables u; and u;, ¢ < j, from the expression of u,
the obtained vector is denoted by u,;. The space of all X-valued polynomials in s
variables is denoted by X [wy, ..., w;], whereas X [[wy, . ..,ws]] denotes the space of
all X-valued formal power series in s variables, so, each its element f has the unique
formal power series expansion f = ZJEZi zyw’, where 75 € X, w/ = wi' - W
If X and Y are Fréchet spaces then the space of all continuous linear mappings
X — Y is denoted by £(X,Y), we also write £ (X) instead of £ (X,X). We
use the conventional notation X®Y for the projective tensor product of these
spaces. If {p; : t € A} is a defining countable seminorm family in X then the space
X [[w1, ... ,ws]] turns out to be a Fréchet space with its defining seminorm family
{ax : (t, K) € A x Z5 }, where q; k (f) = max {p; (z;) : J < K}. One may easily
verify that the topology generated by the latter seminorm family is merely the
direct product topology of X%+, In particular,

X [[wi, ... ws]] = XOC[[w1, . . .,wd]],

and if X is a nuclear space then so is the space X [[w,...,ws]].

The Jacobson radical of a (Fréchet) algebra A is denoted by Rad A. The left
(respectively, right) multiplication operator on A is denoted by L, (respectively,
R,), that is, L, (z) = ax and R, (z) = za for all a,z € A. The unit of A is
denoted by 14. A Fréchet algebra A with its distinguished continuous character
(multiplicative linear functional) e4 : A — C is called an augmented algebra.
Further, a Fréchet space X is said to be a left Fréchet A-module if X has a
structure of a left A-module such that the mapping A x X — X, (a,x) — a-x
is jointly (or separately) continuous. By analogy, it is defined a right (bi)module
over A. The category (usually we refer as a class) of all left Fréchet A-modules is
denoted by A-mod. On the same manner mod-A (respectively, A-mod-A) denotes
the category of all right (respectively, bi)modules. If A is an augmented algebra
with its distinguished continuous character €4 : A — C then the one-dimensional
space C turns into a A-module via pullback along €4 called the trivial A-module
and denoted by C (g4).

The universal enveloping algebra of a finite-dimensional Lie algebra g is de-
noted by U (g). The algebra U (g) turns out to be a topological algebra equipped
with the finest locally convex topology. The space of all Lie characters of a Lie
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algebra g is denoted by A (g). The space of all characters of U (g) is identified
with A (g), that is, each Lie character A € A (g) has a unique extension up to
a character on U (g) denoted by A, too. Take a basis e = (e,...,e,) in a Lie
algebra g. For a n-tuple J = (j1,...,jn) € Z" of nonnegative integers we put

e/ = el' ... el to indicate the ordered monomial in U (g) taken by the basis e. By

Poincare-Birkhoff-Witt theorem (see [2, 2.2.1]), the set {e’} C U (g) of all ordered
monomials is an algebraic basis in U (g). For each k, let introduce the “insertion”
operator A., € L (U (g)) by the rule

. . . . 1 .
Aek (e{l e 6'7]1") = ejll P e-’]:+ e e%"

for all ordered monomials e”.

Now, let g be a finite-dimensional nilpotent Lie algebra with its vanishing
lower central series {g(®) : s > 1}, where gV = g, g® = [g, g V] if s > 1. A
basis e = (e1,...,e,) in g is said to be a triangular basis if it obeys to the lower
central series. Thus [e;,e;] = > 4., cfjek whenever 1 < j. If g=g1 @ -+ ® g, is
graded with the positive integers 1, ..., c then each basis subordinated to the latter
decomposition (called a graded basis) is a triangular one. For a triangular basis
e = (e1,...,e,) of a nilpotent Lie algebra g, e, = (€41, - - ., en) will be a basis in
[g, 0] for a certain m. We say that e, is a radical part of e and es = (e1,...,¢em)
is a semisimple part of e. In that concern, we also write Js = (j1,...,7m) and
Jo = (Gmt1s---0n) if J = (J1,-..,Jn) € Z7, confirm also that J = JgU J,. The
set {e" } of all ordered monomials turns into a linearly ordered set with respect to
the relation: e/ < e’ if the first nonzero integer in the tuple (Jn —ny--oyd1 —91)
is positive.

The following lemma on a commutator can easily be proved based upon the
induction argument (for the details see [8]).

Lemma 2.1. Let e = (ey,...,e,) be a triangular basis of a nilpotent Lie algebra g,
such that emy1,... e, is a basis in [g,g], 1 = (i1,...,0m) € ZT, 1 <i <n and
let k = max {i,m}. Then

n
[eivei] = Z p[,t (61,.-.,€m)€t,

t=k+1

where pry € Clwy, ..., wn).

Now, let A be a Banach algebra and let g be its finite-dimensional nilpo-
tent Lie subalgebra. The closed associative envelope B of g in A is a commutative
algebra modulo its Jacobson radical Rad B thanks to Turovskii Lemma [21]. There-
fore Rad B is the set of all quasinilpotent elements in B which is just the left (or
right) closed ideal in B generated by the Lie ideal [g, g]. We say that g is a su-
pernilpotent Lie algebra in A if each a € [g,g] is nilpotent in A. Note that if A
is a finite-dimensional Banach algebra then each its nilpotent Lie subalgebra is
supernilpotent one. Moreover, a commutative Lie subalgebra of a Banach algebra
A is supernilpotent, too. If A = £ (X) is the Banach algebra of all bounded linear
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operators on a Banach space X and g is a supernilpotent Lie algebra in A then we
say that g is a supernilpotent Lie algebra of operators. As an example of operators
acting on an infinite-dimensional Banach space X generating (noncommutative)
supernilpotent Lie subalgebra in £ (X), we suggest the following operators.

Ezample. Let X = £, (p > 1) be the Banach space of all p-th degree absolutely

convergent sequences and let {e,}, .y be its canonical basis. We set T', .S € £ (X),

T (e2n—1) = €ant1, T (ean) =n"'(n+1)eanta,
)=

S (eZn—l) = €2n—1, (€2n n + €on_ 1

for all n € N. Then [T,S] # 0, [T,[T,S]] = [s, [T,5]] = 0 and [T,S]° =
Thus the operators T and S generate a nilpotent Lie algebra with the nilpotent
commutators.

The following lemma asserts that the radical part of a supernilpotent Lie
algebra can be enclosed into a finite dimensional linear space.

Lemma 2.2. Let g be a supernilpotent Lie subalgebra of A. Then [g,g] generates a
finite-dimensional nilpotent associative subalgebra in A.

Proof. Let B be an associative subalgebra in A generated by [g, g]. Take a trian-
gular basie e = (e1,...,e,) in g such that e, = (em41,...,€p) is a basis in g, 9]
Then ef = 0 in A for all 4, ¢ > m, and for some k. Smce monomials e; in A
generate B as a linear space, it follows that dim (B) < +oc.

Now, take a polynomial z = >~ aje] € B, which is the range of the “free”
polynomial y = Y, aye] € U (g). Let us prove that z is nilpotent. First, intro-
duce a (nilpotent) degree of (non-ordered) monomials e;, - --e;_ in U (g) taken by
e in g. We set deg (e;) = max {k: te; € g(k)} for all elements e; of the basis e. If
v =e; - e, then the degree deg (v) of v is the sum deg (e;,) + - - - + deg (e;,). We
use the notation (J) instead of deg (e’), that is, when v = e’ is an ordered mono-
mial. Let Uy, (e) be a subspace in U (g) generated by all ordered monomials e’ of
the degree k, and let U* (e) be a subspace in U (g) generated by all (non-ordered)
monomials e;, ---e;, of degree at least k. Obviously, U* (e) - U (e) C U*TS (e).
Bearing in mind that the set {e”} is an algebraic basis in U (g), we deduce the
following decomposition

U(g)=Uo(e) & BUy_1(e) DU (e) for each k.

Note that each subspace Uy, (e) is finite-dimensional with the basis {e” : (J) = k}
and U (e) = @D, Ui (¢) (see [4]). Undoubtedly, y € U* (e) and y? € U?P (e) for

all p. But
U (e) = P Ui (
i>2p
therefore y? has a unique expansion by means of the ordered radical monomials
el €U (g), (J) > 2p. But

(J) =deg (¢]) =) jideg (e:),

i>m
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whence, 2P = 0, whenever 2p > (n — m) k¢, where ¢ is the nilpotence power of g
(that is, g(© # {0}, g{¢*D = {0}). Thus, there exists p, such that ¥ = 0 for all
x € B. Thereby B is a nilpotent subalgebra. O

Finally, take a = (a1,...,a,) € C*, r = (r1,...,1,) € @i, and let D, . be a
polydisk in C™ of multiradius r centered at a. If a = 0 then we write D, instead of
Dy . If X is a Banach space then the space of all X-valued holomorphic functions
on an open set U is denoted by O (U, X). For X = C, we write O (U) instead of
O (U,C). Remind that O (U, X) is a Fréchet space and O (U) is a Fréchet algebra
with respect to the compact-open topology, and O (U, X) = O (U)®X [13] (see
also [14, Ch. 2]). f U = D, , and t € R} with 0 < ¢ < r, then the seminorm set

‘ ZxJ(z— a)’
7

on O (D, ., X) are equivalent to one associated by the compact-open topology due
to the known Cauchy inequality.

= llaslixt?, tea, (2.1)
t J

3. Formally-Radical Functions in Elements of a Nilpotent Lie
Algebra

In this section we remind the basic properties of the formally radical functions in
elements of a nilpotent Lie algebra investigated in [5], [8].

Everywhere below we fix a finite dimensional positively graded nilpotent Lie
algebra g and its basis e = (eq,...,e,) which obeys to that grading. Since each
nilpotent Lie algebra can be presented as a quotient of a positively graded nilpotent
Lie algebra, that will motivate our choice g as the noncommutative variable space.
Indeed, let b be a finite dimensional nilpotent Lie algebra generated by x1, ..., .
Consider the quotient g of the free Lie algebra generated by m elements eq, ..., en,
modulo the appropriate order of its lower central series. Evidently, g admits posi-
tive grading with numbers 1, ..., ¢, where c is the nilpotence degree of . Moreover,
there exists a Lie epimorphism 7 : g — b such that 7 (e;) = z;, 1 <i < m.

Let v. C U (g) be a subset of all radical monomials e* = e/} - -el» (1 = ¢
for J. = (0,...,0)), J. € Z™™. Evidently, t. is a subset of the linearly ordered
set {e’} of all ordered monomials (see Section 2). If D, is a polydisk in the
character space A (g)(= C™) of multiradius r centered at the origin then the
Fréchet algebra Fy (D,.) of all formally radical functions in elements of g is defined
as the Fréchet space O (D.) [[em+1,---,en]] of all formal power series over the
Fréchet space O (D,) in several radical variables e,. Thus each f € Fy (D,) has a
unique formal power series expansion

Jr
f = Zerer )
Jr
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where f;, € O(D,). If p =3, z5e’ € U(g) then p = 3, py.elr, where p;, =
D1 rr.ug.els. If we identify p; with a polynomial DL r7.0u7,2% in O(D,) then
=2 ps.elr € Fy (D). Thus U (g) is a dense subspace in Fy (D,). Moreover,
the multiplication on U (g) can uniquely be lifted up to the jointly continuous
(noncommutative) multiplication * on Fy (D,) called the nilpotent convolution [8].
Whence Fg (D) is a Fréchet algebra and U (g) is its dense subalgebra. Moreover,
the space of all continuous characters on Fy (D, ) is identified with the polydisk D,
[8]. If X is a Banach space then the space Fy (D, X) of X -valued formally radical
functions in elements of g is defined as the projective tensor product Fy (D;.) RX.
It is not so hard to prove that the set {e‘] } of all ordered monomials in U (g) is
an absolute X-valued basis in Fg (D,, X) [8], that is, each f € Fy (D,, X) has a
unique power series expansion f= > sel, x; € X, as absolutely convergent in
Fa (Dy, X) power series. Without any doubt,

‘7:9 (DT,X) =0 (DraX) HerH

to within a topological isomorphism.

Now, take a point a € A(g) and let g — a be a Lie subalgebra in U (g)
comprising all elements u — a(u), u € g. We set Fy(Dq,) = Fg_a(D,) for a
polydisk D, , C A(g) of multiradius r centered at a. If Dy, C D,, C A(g) are
polydisks then we have a well defined restriction mapping

Db‘q,) e;Ira

By i Fg(Day) = Fg (Do), Py (Z £ e;fr> => (fs
Jy

Jr

where f; |p, , is the usual restriction of the holomorphic function f; € O (D).
This is a continuous algebra homomorphism [8]. Take arbitrary points a, b, ¢ in
A(g), [ € Fg(Day), 9 € Fg(Dv), and let Doy C Dy N Dyy. Then f =
> frel g = > gs.elr, where f;. € O(D,.), g5, € O(Dy,). Assume that
P (f) = P2 (g), where PoT i Fy (Do) — Fo(Dey) and PEY 2 Fy (Dy) —
Fy(De,q) are the algebra homomorphisms. Then f; |p., = gs.|p., for all J.
Therefore, f;.|p, Dy, = 9J.|D..,AD,.,- In this situation, we write f|p, Ap,, =
9|Da..nD,..- Let U be ‘a non-empty open subset in C™. Then U has a countable
cover U = U;D; by open polydisks D; = Dy, ,,. Let Fy (U) be a subspace of the
topological direct product [[, Fy (D;) comprising all compatible elements {f;},,
that is, fi|p,np, = fj|p;np, for all i, j. Since the “restriction” mappings P;' are
continuous, it follows that Fy (U) is a closed subspace, thereby, Fy (U) is a Fréchet
space. The nilpotent convolution is extended up to Fy (U) by the canonical way:

{fl}z * {gi}i = {fix gi}i .

Then (f; * gi) |p,np, = filD:nD, *9i|D:nD; = filDinD; *9i|DiAD; = (fj * 95) IDinD;
for all 4,j. Thus Fg (U) is a Fréchet algebra with respect to the nilpotent convolu-
tion. Moreover,

Fy (U) =0 (U) [[e]]
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as the Fréchet space [8]. In particular, the space Fy (U) does not depend upon
the particular choice of a polydisk cover {D;} of U. Therefore, if U = D, , is a
polydisk then Fy (U) = Fg (Dq,r). If X is a Banach space then

Fs (U)8X = O (U, X) &C|[e,]] = O (U, X) [[es]] (3.1)
to within a topological isomorphism of the Fréchet spaces. In particular, each
fe Fq (U) ®X has a unique expansion f = ZJr fjr e/ as formal power series,
where f; € O (U, X).

Finally, if -+ «— X, 1 pln X, I Xpt1 «— -+ is an exact sequence of
Fréchet spaces then the sequence

e Fy (U)X T Fy (U)X E Fy (U)X pyg — -

remains exact. Indeed, it is well known [14, 2.4.16] that the sequence

Th-1 n
e OUXn1) O X)) E O U X ) — -
remains exact. It remains to note that the functor o®@C [[wy, . ..,w, ]| applied
to the latter complex does not change its exactness [19], for C [[wy, ..., wp—m]] 18

a nuclear Fréchet space.

4. Parametrization

In this section we generalize Taylor’s result on analytically parametrized Banach
space complexes [18, Theorem 2.2] for noncommutative polynomials. Since we deal
with the operators on Fy (U) which can be expressed in terms of infinite triangular
matrices, first we introduce triangular matrices in its general framework.

4.1. Triangular Matrices

Let X,,Y,, n € N, be Fréchet spaces and let X =[], X,,, Y = [],, Y5 be their
topological direct products. Note that each element = € X has a unique expansion
x =73 txn(Txn(x)) as unconditionally convergent (in X) series, where tx , €
L (X, X) (respectively, mx , € £ (X, X,,)) is a canonical embedding (respectively,
projection) of the topological direct product. For each linear mapping S : X — Y
there corresponds its infinite matrix [Sy,,] with Sy, = Ty, m S+ tx 5. Undoubtedly,
if S € L£(X,Y) then Sy, € L(X,,,Ys) for all n, m. We say that S is a triangular
operator if its matrix is lower (or upper) triangular, that is, S, = 0 whenever
n>m (or n <m).

Now, let [S;.n] be a lower triangular matrix, where S, : X,, — Y, are
certain linear mappings. The latter matrix defines a linear mapping S : X — Y

by the rule
S ($) = Z Ly,m (Z Smn (TrX,n (l‘))) :

Evidently, the matrix of the latter mapping S is reduced to the original matrix
[S’mn]-
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Lemma 4.1. Let [S,,,] be a lower triangular matriz with Sy, € L(Xn, Ym). Then
the linear mapping S : X — 'Y induced by the matriz is continuous. If Z =[], Zn,
[Tinn] is a lower triangular matriz with Ty, € L (Ya, Zm), and T 1Y — Z is the
induced linear mapping, then the matriz of T'S is the product of the matrices [Tn]
and [Smn].-

Proof. To demonstrate the continuity of S, one suffices to prove that my,,S is
continuous for all m. In order to show that my,,, S is continuous, it suffices to write
TY,mS = pem SmnTx,n and to observe that the sum of continuous mappings is
continuous.

Further, S € £L(X,Y) and T € L(Y, Z) are triangular operators due to the just
established fact. Moreover,

ZTLYm <Zsmn 7TXn > ZZLZkZTkm mn 77Xn( ))

m k>m

7ZZLZkZTkm mn 7TXn( ))
k. m=1
_ZLZkZZTkm mn (Txn ( ZLZkZka (Txn ()
n=1m=1
= G( )
where [G] is the product of the matrices [Ty,,] and [Spm], G is the triangular
operator associated with [Gg]. O

Proposition 4.2. Let X = [[, X,,, Y =[[,, Yn, Z = [1,, Zn, with the Fréchet spaces
Xn, Y, Zn, n €N, and let [Spmn], [Tmn] be lower triangular operator matrices with
Smn € L(Xn,Ym), Toun € L (Yn, Zm). Let us assume that the sequence

7z y S x (4.1)
is a chain complex, where S and T are the triangular Opemtors induced by the ma-

Tnn

trices [Smn] and [Ty, respectively. If all Z, <~ Y, Znn X, are ezact sequences
then so is (4.1).

Proof. Take y € ker (T'). Then Ty = > tz.m O-r—) Tonn (Ty,n (y))) = 0. In par-

n=1
ticular, Ty17y1 (y) = 0. By assumption, there exists 3 € Xy such that Sz =

’ﬂ'y’l (y) But
S(xizy) = Z YmSmi1x1, Yy — Six1r1 = Z tm (Ym — Smiz1) .

m m>2

By induction on n, let us prove that there exist elements z,, € X,, such that

Y- ZSLX RTE= ) lyim (ym - Z&m%) ~
k=1

m>n
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By induction hypothesis,

n—1 n—1
Y=Y Sixkrk= Y lym (ym - Smk$k>
k=1

m>n—1 k=1
and
n—1 n—1
T <y - Z SI,X,kl‘k> = Ty — Z TSLXngk =0.
k=1 k=1

It follows that T, (yn — 22;11 Snkxk) = 0. Then again y, — 22;11 ShrkTr =
SnnTy, for a certain z,, € X,,, and

n n—1
y—- Z SLX,k:xk = Z Ly,m (ym - Z Smkmk> - Z LY,mSmnxn
k=1 k=1

m>n m>n
n
= E Ly,m ym_§ Sk | -
m>n+1 k=1

Now, let = )", tx ko € X. Using Lemma 4.1, we deduce that

Ty (Y — ST) = Ty, <y - Z SLX,kJJk)
%
n
= Tyn (ZJ - Z SLX,M’k) + Ty, Z Six k Tk

k=1 k>n+1

n
=Tymn § Ly,m <y7n - § Snzkxk) + § 7TY,TLSLX,kl'k
k=1

m>n+1 k>n+1
= Z Snkxk =0
k>n+1
for all n. Thus Sx = y. (]

Corollary 4.3. Let [S,,,] be a lower triangular matriz with Sy, € L( X, Xm). If
all operators Sy, € L(X,,) are invertible then the triangular operator S € L (X)
induced by the matrix [Spy) is invertible.

Proof. One suffices to set Y,, = X,, and Z,, = 0 in Proposition 4.2 and apply the
open mapping theorem for the Fréchet spaces. O

4.2. The Global Complex Associated by the Local Complexes
Consider the Banach spaces X, Y, Z and let

T=) e;@Tic(g@L(Y,Z), S=)> ;@S €U(g)®L(X,Y)

=0 i=0
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be (noncommutative) operator-valued polynomials, where ¢y = 1. We associate
the sequence

F,(U)8Z & 7, (U)®Y £ F, (U)X (4.2)
with the continuous operators

Ty = ZREi ®T; and Sy = ZRei ®S¢,
i=0 1=0
where U is an open subset in A(g), R, € L (F4(U)) is the right multiplication
operator. Assume that (4.2) is a chain complex, that is, Ty Sy = 0. Note that

n
TySu =Y Re®TiSi+ Y Ree, ® (TiS; +TjSi) + Y > cliRe, ® T;S;
i=0 0<i<y 0<i<j k>3
=Y Re®T;Si+ Y Reje, ® (TS + T;8:) + Y Re, @ (ToS; + T;50)
=0 0<i<y Jj=1

+ Z R, @ | ToSk + TrSo + Z CZ—TJ‘S;‘
k=m+1 0<i<j<k

Thus, the condition Ty Sy = 0 is equivalent to the following system of the operator
equations:
T;5, =0, 0<i<n, (4.3)
T;8;+T;8, =0, 0<i<j<n,
T;So+TpS; =0, 0<i<m,
T,So + ToSy + Zl§i<j<k: cijjSi =0, m+1<k<n.

Indeed, Ty Sy = 0 implies that Ty Sy (1 @ ) =0 for all z € X.
Now, let

T, = ZZ,L®T1 S E(Y,Z) [217...,Zm], S = ZZZ®SZ S [,(X,Y) [2217...72771},
i=0 i=0
be the operator-valued polynomials, where zg = 1. Consider the following

75Dy &0 ¢ (4.4)

(polynomially) parametrized on A (g)(= C™) sequence of Banach spaces. Using
(4.3), we obtain that

T.(2) S (2) = Y _uTi Y %S
=0 =0
= ZZ?TLSI + Z ZiZj (TzS] + T]SI) + ZZI (TISO + Tosi)
i=0 0<i<j i=1
=0
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for each point z € A(g). Thus (4.4) is a parametrized chain complex (see [18,
Section 2]). We say that the global complex (4.2) is associated by the local complexes
(4.4) by means of the operator-valued polynomials 7 and S.

Now, take f € Fy (U)®Y. Since Fy (U)®Y = O (U,Y)[[e;]] (see (3.1)), it
follows that f has a unique expansion f = > 7. f Jx_e;jf as formal power series with
f. € O(U,Y). Fix a countable polydisk cover {D;} of the domain U, and let

Foy (v) = {gv={g

pv};:g€O(U,Y)}

be a closed subspace in Fy (U) ®Y, v € t.. Confirm again that t. is the linearly or-
dered countable set (Section 2) of all ordered radical monomials taken by the basis
e. Then Fy (U)®Y = [[,c.. Fuy (v) (see (3.1)). Moreover, the linear mapping

VETe

TU : H fUA’y (’U) — H ]:U,Z (’U)

VETe VETe

is represented by its operator matrix (T[(Jwv)), where T[(]wv) = mzwlvty, €

L(Foy (v),Fuz (W), tyw : Fuy (v) — Fy (U) Y is the canonical embedding
and 7z, : Fy (U) ®Z — Fy.z (w) is the canonical projection (see Subsection 4.1).
The following lemma asserts that Ty is a triangular operator.

Lemma 4.4. For each radical monomial v € t., TI(]“)U)

= 0 for all w, w < v.
Moreover, T[(]wv) = 0 for all w, w > v, except finitely many of them, and the

diagonal operator Tl(;’) = T[(;m) acts by the rule T[(Jv) (?v) = Ay (f) v, where

Ay :0UY)—-0UZ), Au(f)(z)=T()f(2),

is a continuous linear mapping. In particular, the matriz (T[(]wv)) of Ty is lower

triangular.

Proof. First, we reduce the situation to the polydisk case. Take a simple function
feyeOUY)with feOU),yeY. Then (fRy)v=foeyec Fuy (v) and

n

Ty (fo@y) =Y foxe®Ti(y) =Y {flp,vxe}, ®Th(y)

k=0 k=0
= {Zf|D1/U*ek®Tk? (y)} :{TDz (f|DLU®y>}Z,
k=0 i

so, the family {Tp, (f|p,v ®y)}; is compatible. It follows that {Tp, (f|p,v)}, is
a compatible family and Ty (?v) = {TDi (7| Div) }Z for each absolutely convergent
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series f =Y, fr @ yx € O (U,Y). Indeed,

Ty (fv) ZTU fro@y) = ATo, (frlpw ®ye)},
k

(s nem) - (5

))
= {To. (fIp.v)};-

Now fix a polydisk D; = D,, ., take h € O(D;,Y)(= O (D;)®Y) and v € ..
For simplicity, We assume that a; = 0, that is, D; is a polydmk centered at zero.
Let h = ZJ * ® 1y, be the expansion of h in O (D;)®Y C Fy(D;,Y). Then

hv = ZJS S“U®y']S € fDi,y( ), and

D; U_ZZAek ;]S U®Tk(yJ)

k=0 Js

where A, is the insertion operator introduced in Section 2. Moreover, the range
of the continuous linear mapping

Ap, : Fp,y (v) — F4 (D) BZ,
z ZeJUGk@)Tk Y, +ZZ€;]5061< @ Tk (y.) »
k=m+1 Jg k=0 Js

belongs to the finite sum ) . Fp, z (w) (ver and [v,ex] are of linear combina-
tions of some ordered radical monomials w, w > v), that is, 7z, Ap, = 0 for all
w except finitely many of them. Further, one can easily check that

Tp, (hv) :ZZeS‘]Svek@)Tk(yjs) Ap, (h) v+ Ap, (hv)

k=0 J
P ey elen] v @ T (v,
k=0 Js

By using Lemma 2.1, we infer

Jk+1 Jm —
{%H "'ejm ,ek} = E Piki1dm,t (€k+1,-~-,€m)€t-
t=m+1

We set
Gp, () = Tp, (k) = Ap, (R) v = Ap, (hv).
Then Gp, : Fp,y (v) — Fq (D;)®Z is a continuous linear mapping. Since each

etv (t > m) is a finite sum of some radical monomials w € t., w > v, it follows
that 77, Gp, = 0 for all w, w <X v, and 7z,Gp, = 0 for all w, w > v, except
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finitely many of them. Moreover, G p, (ﬁv) =3 11 hiev, where

m
Et = Z 6J11 e eikpjkﬂ-..jm,s (ek-l-lv ceey em) ® Tk (st) .
k=0 Jg

Thus,

Tp, (hv) = Ap, (B) v+ Ap, (hv) +Gp, () = Ap, B)v+ > AR (R)w
weM (v)
where A( € L(O(D;,Y),0(D;,Z)) and M (v) is a finite subset in t, comprising
some w, W = v.

Let us assume that h|p,np, = g
Then we have

Ap, (h) |p,ap,v + Z A%Ui) (R) |p,np;w = Tp, (hv) |p,AD,
weM(v)

=Tp, (V) |pinp, = Ap, @ [p.np, v+ > A (@) pian,w
weM (v)

(wv) (*) |p;np, for all w € M (v). Thus

(fv) T(” + 3 T

weM(v)

(Diay)a g € O(Djay)

It follows that A(w_) (E)

where fv € Fuy (v), and
" (Fo) = {An. (Flp.) v}, = v (v, T8 (Fo) = {A5) (Flo) w} -

Therefore, 7z /Tty = 0 for all w, w < v, and 7z Ty, = 0 for all w, w > v,
except finitely many of them. Thereby, T is a triangular operator with its diagonal

operators T((JU), v E Te. ]

Theorem 4.5. Let U be a (pseudo)convex domain in A(g). If the local complexes
(4.4) are exact for all z € U then so is the global complex (4.2).

Proof. First, note that (4.4) is an analytically parametrized on the domain U
Banach space complex (see [18]). Let

OW,2) L& 0W,Y) = 0U,X) (4.5)

be a sequence associated with (4.4), where

T.=> R.,®T, and S;=)» R, ®S,.
1=0 1=0
Since
T,(f) (2) =T (2) F(2) and S(9)(2) =S (2)g(2)  forallzeU,

from (4.3) it follows that the sequence (4.5) is a chain complex, i.e., TsSs = 0. More-
over, (4.5) turns out to be an exact sequence whenever the local complexes (4.4)
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are exact for all z € U thanks to Taylor’s theorem on analytically parametrized
complexes (see [11, Corollary 2.1.9], [18, Theorem 2.2]). By Lemma 4.4, the oper-
ators

T:Fy(U)RY — Fy (U)BZ and S:F,(U)®X — F, (U)RY

have lower triangular operator matrices with their diagonal operators T, (?v) =
Ty (f)v and S, (gv) = Ss (g) v respectively, where f € O(U,Y), g € O (U, X),
v € t.. Using Proposition 4.2, we conclude that (4.2) is an exact chain complex. [0

5. Taylor Spectrum and Transversality

In this section we prove the main result of this paper: the resolvent set with respect
to Taylor spectrum of a supernilpotent Lie algebra of operators can be described
in terms of transversality of the Fréchet algebras of formally radical functions in
elements of a nilpotent Lie algebra.

First, we need some basic definitions of topological homology.

5.1. Resolutions, Transversality and Taylor Spectrum

Let A be a Fréchet algebra. The projective tensor product (over A) of Fréchet
modules X € mod-A and Y € A-mod is denoted by X®Y . By definition, X®Y is
A A

the quotient space of X®Y with respect to the closed subspace generated by the
elements z-a®@y—z®a-y,x € X,y €Y, ae€ A. A module X € A-mod is said
to be a free A-module if X = AQF for a certain Fréchet space E. The left module
structure on A®E is given by the rule: a- (b®e) = ab®e, a,b € A, e € E. A
module X € A-mod is said to be a projective A-module if it is a module summand
of a certain free A-module. A chain complex

(X,d) : ...&anl‘fL”Xn&XnH - ...
in the category A-mod is said to be admissible if it splits as a complex of Fréchet
spaces. A projective resolution of an A-module X is a complex (P,d) of left A-
modules with P, = {0} for n < 0, together with a morphism € : Py — X such
that the augmented complex

0 X o Py o p A

is admissible, and all P,, are projective modules. If F' : A-mod — B-mod is
an additive functor then by F,, we denote the n-th projective derived functor
of F, where B is a Fréchet algebra. By its very definition, F}, (X) is just the n-th
homology of the complex (F (P), F (d)) for a projective resolution (P,d) of the
module X. Taking into account that all projective resolutions of a module are
homotopy equivalent (see [14, 3.2.3]), we conclude that F,, (X)) does not depend
on the particular choice of a projective resolution (P,d) of X. If F' = X(%q then

we write Tor’ (X, o) instead of the n-th projective derived functor, as usual. We
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set FLXIUF,(X)={0},n>0.1f F = X(%)o then we write X L4 Y (see [20])

for Y € A-mod if F' L Y. In this case we say that the modules X and Y are in
the transversality relation. Note that X 14 Y iff (o%Y) 1 X (see [14, 3.4.26]).

Now, let g be a finite-dimensional Lie algebra, X a Fréchet space and let
a: g — L(X) be a Lie representation, that is, X is a Fréchet g-module. The
following complex

0<_X<d_0X®g£...§l’;*lX®/\Pg<d_”...

is called the Koszul complex of the pair (X, «), where

P
d Z H_l Uz .T®U +Z Z+] 1 [UZ,U]}/\QZ_V

1=1 i<j

u=u A... \u, € APg, and it is denoted by Kos (X, ). Obviously, « — A : g —
L (X) is a Lie representation for each A € A (g). Recall that the Taylor spectrum
o (g, X) of a g-module X is defined as a set of those A € A (g) such that the Koszul
complex Kos (X, — \) fails to be exact (see [6], [12]).

Let U be a domain in A (g) and let o : g — £(X) be a Lie representation
of g in a Banach space X. Then F, (U) ®X turns out to be a g-module via the
representation

pux 80— L(FgU)8X), puxw(fez)=foaz—fruxz,
feF(U),xz e X,uc g, that is, py,x (u) = 1 ® L) — Ry ® 1, u € g. Consider
the “global” Koszul complex
Kos (Fy (U)X, pux) : 0 — Fy (U)X £L Fy (U)X @ g - -

with the differential
k+1

Ty (f @z ®@u) = Z ()" pux (W) (f @ x) @ u

+ ()T f@r @ (i, w) A,
i<j
where v = uy A ... Augq1. One can easily check that

k+1
Ty (fezeu)=feT)(r®u) +Z Vo f ks ® @ ® uy, (5.1)
i=1

where T} is the differential of the complex Kos (X, «). Fix the graded basis e =
(e1,...,e,) and introduce the operators T; € L (X ® Ag),

(—1)z®@ej, A...NE Ao Nej,,, i G, =1,
Ti(z@ei Ao Aeji) :{ 0 ’ ’ if j) % i for all p,
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where 1 <4 <n. Then (5.1) can be rewritten as

Ty(feeze)=foT(xe)+Y f+xe;@Ti(z®@e),

i=1

that is, the differential Ty € £ (Fy (U) (X ® Ag)) has the following description

Ty =S R, o,
=0

(see (4.2)). Now, we introduce the “local” parametrized Koszul complexes
Kos (X, — 2), zeU.
The differential of the complex Kos (X, a — z) is

(20 = 1) which is the value of the polynomial

L= z®Ti € LX)z, 2m]
i=0
at the point z. Thus the global complex Kos (.7-"g (U)®X, pU, X) is associated with
the local complexes Kos (X, —z), z € U, by means of the noncommutative
operator-valued polynomials

T=> el €U(g)®L(X®Ag)
i=0
(see Subsection 4.2).
Now, we prove the main result of this paper: the Taylor spectrum of a left
Banach Fg-module can be completely determined in terms of the transversality.

Theorem 5.1. Let U be a (pseudo)convex domain in A (g) and let X be a Banach g-
module. If the local complezes Kos (X, — z), z € U, are exact then so is the global
Koszul complex Kos (fg (U) RX, pU’X). Moreover, if X € Fg-mod is a Banach
module then

Fo(U) L, X = Uno(g,X)=0

whenever U is a polydisk in A (g).

Proof. The exactness of all local complexes Kos (X, — z), z € U, imply the ex-
actness of the global complex Kos (}"g (U)®X, pu, X) thanks to Theorem 4.5.
Now, assume that U = D, , is a polydisk. For brevity, assume that a = 0, and put
D = D,,,. The complex Kos (Fy (D) ®F, (D), pp) augmented by the multiplica-
tion mapping

WD:fg(D)®fg(D)_)]:g(D)7 f®g'_>fga
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is a free Fy (D)-bimodule resolution of the Fréchet algebra Fy (D) (see [5], [8]),
where pp = pp, 7,(p)- Namely, the chain complex

0« Fq (D) <2 Kos (F4 (D) ®F, (D), pp) (5.2)
is admissible. Since all the members of the complex are free right Fy (D)-modules,
it follows that the complex splits as a complex in mod-Fg (D). In particular, so
is the complex 0 « Fy < Kos (Fy®@Fy, pcr) in mod-Fy (just put D = C™).
Applying the functor o ?X to the latter complex, we obtain that the complex

g
0 X & Kos (Fy®X, pom x) (5.3)

is admissible, that is, X has the free Koszul resolution in Fg-mod. With Fy; C

Fy (D) in mind, infer Fy (D) € Fy-mod-F,. Based upon the resolution (5.3), we

infer that Fy (D) Lg, X iff the complex Fy (D) ® Kos (Fy®X, pem x) is exact.
Fq

Evidently,
Fq (D) §> Kos (Fy®X, pem x ) = Kos (Fy (D) ®X, pp,x)
g

to within a topological isomorphism. Consequently, if D N o (g, X) = () then
Kos (X, — z) is exact for all z € D, which in turn implies that the complex
Kos (F4 (D) ®X, pp,x) remains exact (Theorem 4.5), that is, Fy (D) L, X.
Conversely, assume that 7y (D) L, X and take a point z € D. As we have con-
firmed in Section 3 the point z determines a continuous character z : 4 (D) — C,
that is, Fy (D) is an augmented algebra. Consider the trivial Fy (D)-module C (2)
generated by z (see Section 2). Since the complex (5.2) is admissible as a complex
in Fy (D)-mod, it follows that the complex

0C(z) ® Fe(D)+«—C(z) ® Kos(Fy(D)®F,(D),pp)
Fo(D) F4(D)

is admissible. Taking into account that C (2) ®F, (D) is identified with F, (D), we
deduce that the latter complex is the following

0« C(2) = Kos (Fg (D), pez),p)

with 7 () (f) = 2 (f) and pe),p (u) (f) = w* f = fz(u) = (u— 2z (u)) * f. Thus
Kos (F4 (D), pc(z),p) is just the Koszul complex Kos (Fy (D), Ly — z) associated
by the left multiplication representation Ly and the character z on Fy (D), and

0<—(C(z)<iKos(}"g (D),Lg —z)

is an admissible complex of the right Fy-modules. Each member Fy (D) ® AFg of
the complex Kos (Fg (D), Lg) is a topological direct sum of Fy (D) copies. Being

0®X an additive functor, we deduce that (o®X) L (Fg (D) ® AFg) for all k

Fq Fa

whenever 7y (D) Lz, X (that is, (c®X) L Fy (D)). Then (0®X) L C(2) thanks
F Fa

g
to [14, 3.3.8]. Consequently, C(z) Lz, X, where C(z) is considered to be right
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Fg-module. Thus Tor?® (C(z),X) = {0} for all k& > 0.

Using again the same argument for the polydisk D = C", we obtain that the
complex

0« C(z) < Kos (Fy, Ly — 2)
of the right Fj-modules is admissible, that is, Kos (Fg, Lg — 2) is a free resolution
of the right Fy-module C (z). Tt follows that Tor.® (C(z),X), k > 0, are the
homologies of the complex Kos (Fg, Ly — 2) ;@X . But an easy calculation shows
g

that Kos (Fy, Ly —2) ® X is just the Koszul complex Kos(X,a — 2) of the g-
f

g
module X. Whence the complex Kos (X, a — z) is exact, which means that z ¢
o (g, X). In particular, DNo (g, X) = 0. O

Confirm that each Banach g-module X automatically turns out to be a left
module over the Arens-Michael envelope Oy, that is, all noncommutative entire
functions in elements of g act on X (see [15, 5.2.21]). To complete our assertion
one might solve the problem when X turns out to be a Fj-module. Moreover, to
have a direct application to the operator theory it is better to formulate the result
in terms of the operator tuples rather than in terms of the modules.

Let X be a Banach space and let T = (T1,...,T,,) be a family of bounded
linear operators on X generating a finite-dimensional nilpotent Lie subalgebra gr
in £(X). If gr — A is a Lie subalgebra in £ (X) generated by the operator family
T—-A=(Tr—M,...,. T, =), i = A(T3), 1 <i<m, A € A(gr), then the
Taylor spectrum o (T') of the operator family T is defined as a set of those A for
which the Koszul complex of the gr — A-module X fails to be exact (see [12]).
As we have shown in Section 3 the Lie algebra gr is an epimorphic image of a
positively graded nilpotent Lie algebra g generated by m-elements ey, ..., e,,, that
is, there exists a Lie epimorphism 7 : g — g such that 7(e;)) = T;, 1 < i < m.
Therefore the space X turns out to be a left Og-module. Take a triangular basis
e in g generated by e1,..., e, and consider the Fréchet algebra Fy = Fy (A(g))
of all formally-radical entire functions in elements of g.

Proposition 5.2. The Banach space X turns out to be a left Fg-module iff gr is a
supernilpotent Lie subalgebra in L (X). Moreover, o (T) = o (g, X).

Proof. Let us assume that X € F3-mod. Note that the topology of Fj is defined by
the system of seminorms {||||tK}7 where || f|; o, = max {[|fs|l; : J» < K} (see

(2.1)), f = X, frelr € Fy. By assumption, there exists a (unique) continuous
algebra homomorphism 7 : Fy — £ (X) extending 7. Thereby

1Tl ey < ClFll e,

for a certain positive constant C' and some seminorm ||-||, z . It follows that

[oT, gT] therefore gr is a bupernllpotent Lie subalgebra in £ (X).

= ||7A-(elf)HL = 0 whenever |I;| > |K,|. But 7(e;) generates
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Conversely, let us assume that gr is a supernilpotent Lie subalgebra in £ (X).
Let B be an associative subalgebra in £ (X) generated by [gr,g7], and let 7 :
Oy — L (X) be the continuous algebra homomorphism extending 7. By Lemma
2.2, B is finite dimensional and B* = 0 for some k. Then 7 (e‘r]") = 0 for all J,,
|Jy| > k (n —m). We set

P Fy o L(X), ?<Zere;’"): > Tlnel),
Jr

e | <k(n—m)

which is a continuous algebra homomorphism. Whence X is a left Fj-module.
Finally, the equality of spectra follows from [12]. |

By using the main result Theorem 5.1 and Proposition 5.2, we derive the
following assertion.

Corollary 5.3. Let T = (T1,...,T,) be a family of bounded linear operators on
a Banach space generating a supernilpotent Lie algebra in L(X). Then X turns
out to be a left Banach Fy-module for a certain nilpotent Lie algebra g and the
resolvent set C™\o (T) with respect to the Taylor spectrum o (T') consists of those
A€ C™ such that F4 (U) Lr, X for a certain small polydisk U containing .
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