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1. Introduction

The regularities play an important role in the (joint) spectral theory of the Banach
algebra framework. They generalize the (joint) invertibility in a Banach algebra.
It is well known [13] that there is a close relationship between the spectral systems
and regularities. In [15] the characterization of those regularities in a commutative
Banach algebra related to subspectra has been proposed. A subspectrum in the
sense of Zelazko [22] on a commutative Banach algebra A is a set-valued mapping
over all tuples in A with the properties to be compact and polynomial spectral
mapping. In this paper we introduce a subspectrum on a unital (noncommutative)
Banach algebra based upon the properties to be compact and spectral mapping
with respect to the noncommutative polynomials (see below Section 3), and es-
tablish a correspondence between them and regularities. In the noncommutative
case, a subspectrum on A can be determined in terms of Lie algebras generated by
the tuples a = (ay,...,a;) € A¥ in A using a fixed Banach space representation
a: A— B(X) [8]. To conduct that approach, one might demand a restrictive con-
dition concerning the Banach algebra A. We meet with the known phenomena [8]
when a tuple of noncommutative polynomials p(a) = (p1(a),...,pm (a)) € A™ in
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elements of a k-tuple a € A* generating a finite dimensional nilpotent Lie subalge-
bra £ (a) C A, may generate an infinite dimensional Lie subalgebra £ (p (a)) C A.
To avoid these type of problems, we shall assume that A is a nilpotent Lie al-
gebra, that is, its Lie algebra structure determined by the Lie multiplication
[a,b] = ab — ba, a,b € A, is nilpotent (see Section 6). Such algebra A admits
sufficiently many subspectra. So are Slodkowski, Taylor spectra

Onm (@) = 0pp (m(ar),...,7(ak)), osn(a)=0sn(w(ar),...,7(ag)), n >0,

and Harte type spectrum og (a) for tuples a in A. Thus if 7 is one of these spectra,
then 7 (a) is a nonempty compact subset in C* for a k-tuple a in A, 7(x) is a
subset of the usual spectrum o (z) for a singleton z € A, and if p (a) is a m-tuple
of noncommutative polynomials in elements of a k-tuple a, then

7(p(a)) = p (7 (a))

(see [8] and Proposition 6.5). The assumption on A to be a nilpotent Lie algebra is
also sustained by the noncommutative functional calculus problem [9]. In Propo-
sition 6.6 we show that the closed associative envelopes of a supernilpotent Lie
subalgebra g (that is, its commutator [g, g] consists of nilpotent elements) possess
that property. But an operator tuple a in B (X) generating a supernilpotent Lie
subalgebra g C B (X) admits [9], [6], [7] a noncommutative holomorphic functional
calculus in a neighborhood of the Taylor spectrum or (a), which extends Taylor
functional calculus [19]. Thus a noncommutative Banach algebra A which is nilpo-
tent as a Lie algebra has all the favorable spectral properties just as commutative
Banach algebras.

A regularity R in a unital Banach algebra A is defined as a nonempty subset
R C A such that ab € R iff a,b € R (see Section 4). Each regularity automatically
involves a set K of characters ¢ of A such that RNker (¢) = (), and the closed
two-sided ideal

R(A) = m{ker(gp) :p € Kg}
called the R-radical of A. The set

R¥ = A\ J{ker (9) : ¢ € Kr}

is called an envelope of R. A regularity R having an open proper envelope R# is
of importance in our consideration. Such regularities appear when we deal with
subspectra. Namely, a subspectrum 7 on A associates a regularity R, in A given
by the rule
R,={acA:0¢7(a)}.
In this case, R, is a nonempty open proper subset in A and R# = R, (see [15] for
the commutative case). A key role in the noncommutative case plays the T-radical
Rad; A of A associated to a subspectrum 7 on a Banach algebra A. According to
the definition
Rad, A={a€ A:7(a)={0}}.



Vol. 61 (2008) Regularities 343

It is proved (see Corollary 4.9) that Rad, A is a closed two-sided ideal in A which
contains the Jacobson radical Rad A, and A is commutative modulo Rad, A. More-
over, 7 determines a subspectrum 7~ on the quotient algebra A/ Rad, A. Thus 7~
is a subspectrum in the sense of Zelazko on the commutative (semisimple) Banach
algebra A/ Rad, A. Furthermore, 7 generates a compact subset K, of the character
space Char (A) of A such that

T(a1, .. ak) ={(p(a1),...,o(ar)) : ¢ € K-}
for a k-tuple (a1,...,ax) in A.
The process of generating regularities from subspectra can be reversed (see
Section 5). Namely, fix a regularity R in A with its open proper envelope R¥; one
may define a Harte type spectrum og on A by the rule

or(a)={ e CF:A(a—N\)NR* =0},
where a is a k-tuple in A and A (a — A) is the left ideal in A generated by the tuple
a — A. One can prove that the left ideal in the definition of og (a) can be replaced
with the right ideal (a — A) A generated by a — A, and og is a subspectrum on A.
Moreover,
R,, = R*
and the og-radical is reduced to the R-radical, that is,
Rad,, A=R(A).

Thus the correspondence 7 — R, between subspectra on A and regularities in A
has a right inverse R — ogr. Furthermore 7 C or_. In the commutative case that
relation has been observed in [15]. Note that, in general 7 # o, . We investigate
that difference in Section 6 by proposing necessary and sufficient condition when
the latter inclusion turns out to be an equality.

2. Preliminaries

All considered linear spaces are assumed to be complex and C denotes the field
of all complex numbers. For a unital associative algebra A, Rad (A) denotes its
Jacobson radical and A* the space of all linear functionals. A unital algebra homo-
morphism A : A — C is said to be a character of A, and the set of all characters of
A is denoted by Char (A). If S is a subset of an associative algebra A, then A (S5)
(respectively, (S) A) denotes the left (respectively, right) ideal in A generated by
S. The group of all invertible elements in A is denoted by G (A). If A is a Ba-
nach algebra, then as it is well known [4, 1.2], G (A) is an open subset in A and
Char (A) is a compact space with respect to the weak*-topology in the space of
all bounded linear functionals on A. We use the denotation o (a) for the spectrum
of an element a € A. The Banach algebra of all bounded linear operators on a
Banach space X is denoted by B(X). If 7 : A — B is an algebra homomorphism,
then 7(") : A» — B™ denotes the mapping 7™ (a1, ...,a,) = (7 (a1),...,7 (an))
between the n-tuples in A and B.
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The following assertion is a well known [14] fact.

Theorem (Gleason, Kahane, Zelazko). Let A be a unital Banach algebra and let
¢ : A — C be a linear functional such that ¢ (1) = 1 and ¢ (a) # 0 for all
a € G(A). Then ¢ € Char (A).

Now let §,, (e) be the free associative algebra generated by n elements
e=(e1,...,6n).

Each its element p (e) is a noncommutative polynomial p (e) = Y a,€e”, where

a, € C and e” = ¢j, - --¢;, for a finite sequence v = (j1,...,ji) of elements from
the set {1,...,n}. For a n-tuple a = (a1,...,a,) € A™ in a unital associative
algebra A, we have a well defined algebra homomorphism

I'y:8n(e) = A

such that Ty (e;) = a; for all i. If p(e) € Fn(e) is a free polynomial, then
T, (p(e)) = p(a) is the same polynomial in A taken by a. Indeed,

Fa(p(e)) =Ta (Z au€”> => aa’ =p(a).

We say that T'y is a polynomial calculus for the tuple a. Similarly, each element
A= (A1,...,\n) € C"™ determines a character T'y : §, (e) — C such that Ty (e;) =
A; for all i. We say that T'y is a point calculus. Actually, each character of F, (e)
is a point calculus. We put
p(A)=Tx(p(e)).

If p(e) = (p1(e),...,pm (€)) is a m-tuple in §, (e) and A € C", then we write
p (A) to indicate the m-tuple (p1 (A),...,pm (A)) € C™ in C.

Now let A be a unital Banach algebra and let B be a unital subalgebra of A.
Consider the family Z4 (B) of all left ideals I in B such that I N G (A) = 0. The
following assertion was proved in [10] (see also [23]).

Theorem 2.1. If aBa™' C B for all a € BN G (A), then T, (B) possesses the
projection property, that is, for each mutually commuting k-tuple b = (b1, ..., bk)
inI € Ty (B) and c € B commuting with b there correspond A € C and J € T4 (B)
such that (by,...,bg,c— \) € JEFL,

We shall apply (as in [15]) Theorem 2.1 to the following particular case. Let
A = C (K) be the Banach algebra of all complex continuous functions on a compact
topological space K furnished with the uniform norm || || =sup{|f (z)| : « € K},
and let B be a unital subalgebra of A. For a commutative tuple a € B* we put

T(a)={ e C":B(a—A\)NG(C(K)) =0}, (2.1)
which is a compact subset in C*. On account of Theorem 2.1, we infer that 7

possesses the projection property, that is, if a = (ay,...,ary1) € B*lisa k + 1-
tuple and a’ = (a1,...,ax), then 7 (a') = 7 (7 (a)), where 7 : CF*! — C¥ is the
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canonical projection onto the first k coordinates. Actually, the projection property
involves (see [10]) the polynomial spectral mapping property

where p is a family of polynomials in several complex variables. In this case it is
said that 7 is a subspectrum on B (see below Section 3). Thus (2.1) determines a
subspectrum on B. This type of subspectra were characterized by A. Wawrzynczyk
in [23].

Finally, if A is an associative algebra, then it is also a Lie algebra with respect
to the canonical Lie multiplication [a,b] = ab — ba, a,b € A. To indicate this Lie
algebra structure we use the denotation Ay, thus Ay, is the same algebra A
considered with respect to the Lie multiplication called the attendant Lie algebra.
Let us recall that a Lie algebra L is said to be nilpotent if its lower central series
{L(”)}HGN (where L™ = [L,L(=Y]) is vanishing, that is, L") = {0} for a
certain k. Thus each operator adz : L — L, (adz) (y) = [z,y] (x € L) of the
adjoint representation is nilpotent. If & = 1, the Lie algebra L is commutative. A
finite-dimensional nilpotent Lie algebra L with L(?) = {0} is called a Heisenberg
algebra. A typical example is a Lie algebra g with a basis e, e, e3 such that
[e1,e2] = e3 and [e;, e3] = 0 for all i. Further, note that A = [A, A] = AD and

lie
A = [A,A“L‘”} = [4,AD] =AM p > 1.

lie lie
Let A be a unital associative algebra. A subalgebra B C A is said to be an
inverse closed subalgebra if any invertible in A element of B is invertible in B. Since
the inverse closed subalgebras are stable with respect to arbitrary intersections, it
can be defined an inverse closed envelope of a subset in A.
The following assertion is well known [20], [1].

Lemma (Turovskii). Let A be a unital Banach algebra which is the closure of
the inverse closed envelope of a (not necessarily finite-dimensional) nilpotent Lie
algebra. Then A is commutative modulo its Jacobson radical Rad A. In particular,
so is a Banach algebra A with its nilpotent attendant Lie algebra Ay,.

Note that the closed associative envelope in A generated by Ay, is obviously
reduced to the whole algebra A. Therefore if Ay, is a nilpotent Lie algebra, then
A as a closed associative envelope of Ay, is commutative modulo the Jacobson
radical thanks to Turovskii’s lemma.

3. Subspectra

In this section we consider purely algebraic case. We introduce a subspectrum in a
noncommutative algebra and show that it generates a subspectrum on the quotient
algebra modulo suitable radical.
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Let A be a unital associative algebra. As in the commutative case [21], a sub-
spectrum 7 on A is a mapping which associates to every k-tuple a = (a1, ...,ax) €
k
A¥ a nonempty compact set 7 (a) C CF such that 7 (a) C [] o (a;) and it possesses
i=1
the spectral mapping property

7(p(a)) = p (7 (a)) (3.1)

for an m-tuple p (e) = (p1(e),...,pm (€)) € Tk (€)™. Of course, we have assumed
that the usual spectrum o (a) of each element a € A is nonvoid. That is true
whenever A is a Banach algebra. Note that the equality (3.1) establishes a relation
between the polynomial calculus T'; and point calculi T'y, A € 7 (a). Namely,

p(r(@)={pN):rer@}={T" pE):rer@}f =7 (T ().

For subspectra 7 and o on A we put 7 C ¢ if 7 (a) C o (a) for all tuples a in A.
Now let 7 be a subspectrum on A. We put

Rad, (A) ={a € A:7(a) ={0}}.
We say that Rad, (A) is the 7-radical in A.

Lemma 3.1. Let 7 be a subspectrum on A. Then Rad, (A) is a two-sided ideal in
A and the quotient algebra A/ Rad, (A) is commutative. Moreover,

Rad (4) C Rad, (4),
and the inclusion turns out to be an equality whenever T (a) = o (a) for all a € A.
Proof. By assumption, 7 (a) C o (a) is a nonempty subset for each a € A. There-
fore 7 (a) = {0} if 0 (a) = {0}. Take a € Rad (4). Then A — a is invertible in A
for all A\; A # 0 (see [5, 8.6.3]). It follows that o (a) = {0}, that is, a € Rad, (A).
Thus Rad (4) C Rad, (4).
Take a,b € Rad, (A). Then
T(a+b)={ +p:(\u) €r(a,bd)}
and 7 (a,b) C 7(a) x 7(b) = {0}. Whence 7 (a +b) = {0} and a + b € Rad, (A).
Using a similar argument, we conclude that ca,ac € Rad, (4) for any ¢ € A.
Thus Rad, (A) is a two-sided ideal in A. Now take a,b € A and let p(e1,e2) =
e1eg — ezeq € Fa (e). Then p (a,b) = [a,b] € A and
T (p (a7b>> =D (T (a7b>) = {)‘/1’ - /1')‘ : ()\,/L) S (a7b>} = {0} .

Hence [a,b] € Rad, (A) and therefore A is commutative modulo Rad, (4). O

Consider the quotient linear mapping
mr: A— A/Rad, (4) 7, (a) =a”.
Ifa = (ai,...,ax) is a k-tuple in A, then a™ = (ay’,...,ay) = e (a) is a k-tuple
in A/ Rad, (4).
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Lemma 3.2. Let 7 be a subspectrum on A. Then to each k-tuple a™ = (a7, ...,a})
in A/ Rad, (A) there corresponds a subset T~ (a™) C CF such that

7 (a™) =7(b)
for a k-tuple b = (by,...,by) € A* with al” = by for all i.

Proof. One has to prove that 7 (a + z) = 7 (a) for any k-tuple z = (z1,...,2x) in
Rad, (A). Take A € 7 (a). Then (A, 1) € 7 (a,z) for some u € CF. But p € 7 (z) C
k

11 7 (z;) = {0} and A+p € 7 (a + x), thatis, A € 7 (a + ). Thus 7 (a) C 7 (a + ).
i=1

Since —z € Rad, (A)", it follows that 7 (a 4+ ) C 7 (a + = — ) = 7 (a). It remains
to put 7~ (a™) = 7 (a). O

Lemma 3.3. Let 7 be a subspectrum on A. Then 7 (a™) C o (a”™) for a singleton
a € A, where o (a™) is the usual spectrum of a™ in the algebra A/ Rad, (A).

Proof. If A ¢ o (a™), then (a — \)b =1+« for some x € Rad, (4) and b € A. But
T((a=A)b)=7(1+2z)={1} and
T((a—A)b) ={zw: (z,w) € T(a— \,Db)}.

Then 0 ¢ 7 (a — A), for in the contrary case (0,w) € 7 (a — A, b) for some w € C,
which in turn implies that 0 = Ow € 7 ((a — A)b). So, A ¢ 7(a). On account of
Lemma 3.2, 7~ (a™) = 7 (a) C 0 (a™). Whence A ¢ 77 (a™). O

Using Lemmas 3.2 and 3.3, we obtain that
k

k
™ (ay,...,ay) =7 (a1,...,a CHT a; _Hr(af)gHU(QN)
i=1

i=1

is a nonempty compact subset.

Theorem 3.4. Let T be a subspectrum on a unital associative algebra A. The corre-
spondence ™ over all tuples in A/ Rad, (A) is a subspectrum on the commutative
algebra A/ Rad, (A).

Proof. Take a k-tuple a™ = (a’,...,a}’) in A/Rad; (4) and a noncommutative
polynomial p (e) =) a,e” € Fi (). Then

p(a™)=Tu (p(e) = Z a, (a™)" = Z o, (a)” = Z a7, (a
(Zau ) = (Ta(p(e) =p(a)”.

Ifp(e)=(p1(e),...,pm (€)) is a m-tuple in T (e), then
T (p(a”)=7"(p(a)”) =7(p(a)) =p(r(a)) =p(7 (a7)).

It remains to appeal to Lemmas 3.1, 3.2 and 3.3. O
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In particular, if 7 is a subspectrum on a Banach algebra A and Rad, (4) is
closed, then 7 is a subspectrum on the commutative Banach algebra A/ Rad, (4).
In the next section we prove that Rad, (A) is closed for each subspectrum on a
Banach algebra A.

Definition 3.5. Let 7 be a subspectrum on a unital associative algebra A. We say
that a subspace I C A is 7-singular if 0 € 7 (c) for any tuple ¢ € I*, k € N. A linear
functional ¢ € A* is said to be a 7-singular if its kernel ker (¢) is a 7-singular
subspace in A. The set of all 7-singular functionals on A is denoted by K.

The concept of a T-singular subspace is motivated by the key reasoning in
[15, Lemma 2.3] for the commutative Banach algebra case.
The following simple lemma will be useful later.

Lemma 3.6. If I C A is a T-singular subspace, then 1 ¢ I.

Proof. Being 7 (1) C o (1) = {1} a nonempty subset, we conclude that 7 (1) = {1}.
Then 0 ¢ 7 (1) and therefore 1 ¢ I. O

Proposition 3.7. Each T-singular subspace in A is annihilated by a T-singular func-
tional on A.

Proof. Let I is a 7-singular subspace in A. One has to prove that ¢ (I) = {0}
for a certain 7-singular functional ¢ € A*. Consider a family € of all T-singular
subspaces F' C A such that I C F, that is, 0 € 7 (¢) for any tuple ¢ = (c1,...,¢;) €
F* k € N (Definition 3.5). If { F, } is a linearly ordered family in &, then U, F,, € £.
By Zorn’s lemma, there is a maximal element in £, say J. By Lemma 3.6, 1 ¢ J.

Let us prove that A = J®C1. If the latter does not hold, then Cun(J & C1) =
{0} for a certain u € A, that is, J N (Cu @ C1) = {0}. Let ¢ = (c1,...,cx) € J*
be a k-tuple in .J, and let (c,u) = (c1,...,cp,u) € AFFL. Since 0 € 7 (c), it follows
that (0,\) € 7 (c,u) or 0 € 7 (c,u — A) for some A € C. Thus

K)={ueC:0e1(c,u—p)}
is a nonempty compact subset in C. Using (3.1) (namely, the Projection Property),
we obtain that K (¢,b) C K (¢) N K (b) for all tuples ¢, b in J. Hence there is a
common point A\g € K (c) for all tuples ¢ in J. Put x = u — Mgl € Cu @ C1. Thus
x ¢ Jand 0 € 7 (c, ) for all tuples c in .J. Consider the subspace J = J@Cx C A.
Ifct+éx = (c1 + &, ... 0n + &) € 7 (herein & = (&1,...,&) € CF) is a k-tuple
in J, then
T(e+&z) ={A+pul: (\p) eT(ca)},

which in turn implies that 0 € 7 (c + &x). Thus J € € and J # J, a contradiction.

Consequently, A = J & C1, that is, J = ker () for some ¢ € A*. But ¢ is a
7-singular functional, for J € £. It remains to note that I C J. O

Now let 7 be a subspectrum on A and let
R,={acA:0¢7(a)}. (3.2)
Note that R, Nker (p) = () for each ¢ € K.
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Corollary 3.8. A\R, = J{ker(¢): ¢ € K,}.

Proof. Take a € A\R,. Then 0 € 7 (a). Consider the subspace Ca in A generated
by a and let éa = (&1a,...,&ka) be a k-tuple in Ca, where £ = (&1,...,&) €
CF. Let p;i(e) = &e, 1 < i < k, be polynomials in § (), and let p(e) =
(p1(e),-- i () € F1 (e)". Then

T(€a) =T (p(a)) =p(r(a) ={p(N): AeT(a)} = {A: AeT(a)} CCM

In particular, 0 € 7 (€a), that is, Ca is a 7-singular subspace in A. By Proposition
3.7, a € ker (¢) for some 7-singular functional ¢ € A*. Thus a € ker (p) for some
pe K. (]

Corollary 3.9. If T is a subspectrum on A, then
Rad, (4) = ﬂ {ker (v) : p € K;}.

Proof. Take a ¢ Rad; (A). Then A € 7(a) for some nonzero A € C, that is,
0 € 7(a — A). The latter means that a — A € A\ R.. Using Corollary 3.8, infer that
a — X € ker (¢) for some ¢ € K. It follows that ¢ (a) = Ap (1) # 0 by virtue of
Lemma 3.6. Thereby a ¢ ker (¢). So,

m{ker(gp) o€ K;} CRad, (4).

Conversely, take a ¢ ker (¢) for some ¢ € K. Then ¢ (a) # 0 and
e(a—p@eM) =p@-p@e ) 1) =0,

that is, a — ¢ (a) @ (1)~" € ker () (see Lemma 3.6). Since ¢ € K., it follows that
0Oer (a — ¢ (a) 4,0(1)_1). This in turn implies that ¢ (a) ¢ (1)”" € 7 (a), that is,
7 (a) # {0} or a ¢ Rad, (4). Thus Rad, (A) C N {ker (¢): ¢ € K,}. O

Corollary 3.10. Let 7 be a subspectrum on A. Then 7~ is a subspectrum on the
algebra A/ Rad, (A) with the properties m; (R;) = Ry~ and 7t (K;~) = K., where

75 (A/Rad, (A))" — A*
is the dual of the quotient mapping m : A — A/ Rad, (A4).

Proof. Using Lemma 3.1, infer that A/ Rad, (A) is commutative. Moreover, 7~ is
a subspectrum on A/ Rad, (A) as we have shown in Theorem 3.4. The equality
7mr (R;) = R~ follows directly from (3.2) and Lemma 3.2.

Now take ¢ € K.~ and put ¢ = ¢ - w,. If a is a k-tuple in ker (¢), then a™
is a k-tuple in ker () and 0 € 7~ (a™) = 7 (a) by virtue of Lemma 3.2. Thus ¢
is a T-singular functional. Therefore 7¥ (K,~) C K. Conversely, take p € K. By
Corollary 3.9, ¢ = ¢ - 7 for some 1 € (A/Rad, (A))". Again by Lemma 3.2, v is
7~ -singular. O
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A result of Zelazko [22] asserts that for each subspectrum 7 on a commutative
Banach algebra B there corresponds a unique compact subset K C Char (B) such
that 7(a) = {¢® (a):¢ € K} for any k-tuple a in B. In the pure algebraic
context this result has the following generalization.

Theorem 3.11. Let 7 be a subspectrum on a unital associative algebra A. Then

T(a1,...,a5) ={(@(@1),....,¢(ax)) : ¢ € K}
for all tuples (ay,...,ay) in A, where 3= (1) ¢ (seec Lemma 3.6).

Proof. Let a = (a1,...,ar) and take g € 7(a). Then 0 € 7(a — ). Consider a
subspace F' in A generated by a — u. Each element of F has the form p(a — p)
for some p (e) € Fx (e) such that p (0) = 0. Using the Spectral Mapping Property
(3.1), we conclude that F' is a 7-singular subspace in A. On account of Proposition
3.7, F C ker(y) for some 7-singular functional ¢ € A*. Thus ¢ (a; —p;) = 0
or ¢ (a;) = pip(1), 1 < i < k. It follows that @ (a;) = p; or % (a) = p.
Conversely, take ¢ € K. Then a; — 3 (a;) € ker (p) for all i. Being ¢ a 7-singular
functional, we deduce that 0 € 7 (a — 3" (a)) or 7 (a) € 7 (a). Thus 7 (a) =
{ﬁ(k) (a) 1 ¢ € K.} O

4. Regularities

In this section we introduce regularities in a unital associative algebra and inves-
tigate their properties.

Let A be a unital associative algebra and let R be a nontrivial subset in A.
As in [15], we introduce the envelope R* of R in A as

A\R" = U{ker(gp) tp € A", RNker(p) =0}.
By its very definition, R C R#.
Lemma 4.1. R## = R#.

Proof. Since R#* C R##_ it suffices to prove that R## C R#. Take a € A\R#.
Then a € ker (p), RNker (p) = ), for some ¢ € A*. But ker (p) C A\R¥, that is,
ker (¢) N R# = (). The latter in turn implies that a € A\R##. O

The following definition plays a key role in our consideration.

Definition 4.2. Let A be a unital algebra. A nonempty subset R C A is said to be
a reqularity in A if it possesses the following property

abe R iff a,b€R.
The following two assertions provide us with examples of regularities.

Lemma 4.3. The set G (A) of all invertible elements in a unital algebra A is a
regularity in A whenever A is commutative modulo its Jacobson radical. Moreover,
G(A) =G (A if A is a Banach algebra.
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Proof. If a,b € A, then o (ab) = o ((ab)”™), where (ab)” is the image of ab in
the commutative algebra A/ Rad (A). But (ab)”™ = a~b~. Therefore, 0 ¢ o (ab)
iff both a™ and b~ are invertible in A/ Rad (A). Thus 0 ¢ o (a™) = o (a) and
0¢ o (b~)=o0(b), that is, a,b € G (A). Thus G (A) is a regularity in A.

Now assume that A is a Banach algebra. Take a ¢ G (A). Then a™ is not
invertible in A/ Rad (A) and therefore belongs to a maximal ideal I of A/ Rad (4).
But I = ker (¢) for some character ¢ of the commutative algebra A/ Rad (A) [4,
1.3.2]. It follows that a € ker (¢), where ¢ = ¢ € Char (A). But G (4) Nker (p) =
0. Therefore a ¢ G (A)*. Thus G (A) = G (A)%. O

Proposition 4.4. Let 7 be a subspectrum on A and let R, = {a € A:0¢ 7(a)}
(see (3.2)). Then R, is a regularity in A and R, = R¥.

Proof. With 7(0) = {0} in mind, infer 0 ¢ R,. Moreover, 1 € R, for 7 (1) C
o (1) ={1}. Thus @ # R, # A. Using Corollary 3.8, we obtain that

A\R, = U {ker (p): p € K, }.
But | {ker (p) : ¢ € K.} C A\R?, that is, A\R, C A\R?. Thus R, = R”.

Since 7 (ab) = {Ap: (A, ) € 7(a,b)}, it follows that 0 ¢ 7 (ab) iff 0 ¢ 7 (a)
and 0 ¢ 7 (b). Whence R, is a regularity in A. O

Now let us prove the main result of this section.

Theorem 4.5. Let R be a regularity in A. Then G (A) C R. Moreover, if A is a
Banach algebra and ¢ € A* is such that RNker (¢) = 0, then ker (¢) = ker (¢) for
some ¢ € Char (A). In particular,

A\R* = U {ker (¢) : ¢ € Char (A), RNker (¢) = 0}.

Proof. Take a € R. Then a = a-1 € R and therefore 1 € R. Further, if a € G (A),
then 1 = aa~! € R, which in turn implies that @ € R. Thus G (A) C R.

Now suppose A is a Banach algebra and let ¢ € A* such that RNker () = 0.
Taking into account that G (A) C R, we obtain G (A) Nker (p) = @. Using the
Gleason-Kahane-Zelazko theorem, we deduce that ¢ = ¢ (1)”" ¢ € Char (4). But

ker () = ker (o).
Finally, the union over all the characters indicated above belongs to A\ R¥.

Conversely, take a € A\R#. Then a € ker(¢) and R Nker(p) = () for some
functional ¢ € A*. But ker (¢) = ker (¢) for some ¢ € Char (4). O

Corollary 4.6. If R is a regularity in a Banach algebra A, then so is R¥.

Proof. Take a,b € R*. If ab ¢ R¥, then ab € ker (p) for some ¢ € Char (A),
R Nker (¢) = 0, by virtue of Theorem 4.5. Then

0= (ab) = ¢ (a)p(b).
Hence a or b belongs to ker (), that is, a or b does not belong R#, a contradiction.
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Conversely, if a ¢ R* or b ¢ R*, then ¢ (ab) = ¢ (a) ¢ (b) = 0 for some ¢ €
Char (A), R Nker(p) = 0 (Theorem 4.5), that is, ab ¢ R¥. Whence R” is a
regularity in A. O

Now let 7 be a subspectrum on a unital Banach algebra A and let I, C
Char (A) be the set of all 7-singular characters of A. Note that I, C K, and
ker (p) N R, = 0 for all ¢ € K, (see Section 3).

Corollary 4.7. Let T be a subspectrum on a unital Banach algebra A. If ¢ € K,
then ker (¢) = ker (¢) for some ¢ € K. In particular,

A\R, = U{ker (p):pe K }.

Moreover, R, is open in A. Thus R, has an open proper envelope R¥ which
coincides with itself.
Proof. Take ¢ € K,. Using Proposition 4.4 and Theorem 4.5, we infer that
ker (p) = ker (¢) for some ¢ € Char(A). But ker () is a 7-singular subspace,
therefore ¢ € K. Thus A\R, = J{ker (¢) : ¢ € K, }.

Finally, take a € R.. Then s, = min{|A|: A € 7(a)} > 0 and if ||b]| < sq,
then a+b € R,. 1

Corollary 4.8. Let 7 be a subspectrum on a unital Banach algebra A. Then
r(@) = {¢® (@) : p e K. |
for all tuples a € A*, k € N. Moreover, K, is a compact subspace in Char (A).
Proof. First note that ¢ () = ¢ (1)™" ¢ (z) = ¢ () for all ¢ € Char (A) and = € A.
Thus
{go(k) (a):p € ICT} C {@W (a) @€ KT} .

On account of Theorem 3.11, it suffices to prove that for any ¢ € K, there cor-
responds ¢ € K, such that ® = ¢. By Corollary 4.7, ker (¢) = ker (¢) for some
¢ € K;. Then ¢ = ap for some a € C. But 1 = ¢ (1) = ap (1), that is, oo = ¢ (1)
(Lemma 3.6). Thus ¢ = @.

Now let us prove that /. is compact with respect to the topology inherited
from Char (A). It suffices to prove K, is closed in Char (A). Take ¢ € Char (A) \K,.

Then ker () is not T-singular, that is, 0 ¢ 7 (b) for some (say k-)tuple b in ker ().
Let € > 0 be the distance between the origin and 7 (b) in C*, and let

Ui () = {6 € Char (4) : g 600~ 0 5)] <1
be a neighborhood of ¢ in Char (A), where = (2k)"/?¢. Take ¢ € U, (¢).

Then max |¢ (b;)| < (2k)_1/2 . Moreover,
(¢(b1)77¢(bk)) ¢ T(b)7

for in the contrary case we would have e2 < S | |¢ (b;)]* < kmax | (bi)]” < 2/2.
It follows that ¢ ¢ K,. Thus Us, (¢) N K, = 0. O
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Corollary 4.9. Let 7 be a subspectrum on a unital Banach algebra A. Then
Rad, (A4) = m {ker () : p € K} .
In particular, Rad, (A) is a closed two-sided ideal in A.

Proof. Tt suffices to apply Corollary 3.9 and Corollary 4.7. O

Corollary 4.10. Let T be a subspectrum on a unital Banach algebra A. Then 7™ is a
subspectrum on the commutative Banach algebra A/ Rad; (4) and ¥ (Kr~) = K-

Proof. Using Lemma 3.1 and Corollary 4.9, we infer that A/ Rad, (4) is a com-
mutative Banach algebra. Moreover, 7~ is a subspectrum on A/ Rad, (A) as we
have shown in Lemma 3.2.

Now take ¢ € ICr~. Then ¢ € Char (A/ Rad, (A)) such that ¢ is 7~-singular.
Put ¢ = % (¢) = ¢-7,. Evidently, ¢ € Char (A) and ¢ € K, by virtue of Corollary
3.10. So ¢ € K. Conversely, take ¢ € K. By Corollary 4.9,

¢ =1 -7m,;, ¢ € Char(A/Rad,; (4)).
Again by Corollary 3.10, ¢ € K,~. Thus 7f (K.~) = K. O

5. Subspectrum associated to a regularity in a Banach algebra

In this section we construct a subspectrum called Harte type spectrum by means of
a regularity in a Banach algebra. That will reverse (in a certain sense) the process
of creating regularities from subspectra.

Let R be a regularity in a unital Banach algebra A and let

Kpr ={p € Char(A4) : RNker(¢) =0}.
According to Theorem 4.5,

A\R# = | J{ker () : ¢ € Kg}. (5.1)
Let us introduce a closed two-sided ideal

R(A) =(\{ker(¢) : ¢ € Kr}

in A. Evidently, Rad A C R (A). Moreover, since ¢ ([z,y]) = 0, z,y € A, ¢ €
Char (A), it follows that A/R(A) is a semisimple commutative Banach algebra.

Lemma 5.1. If R has an open proper envelope R¥* in A, then Kg is a nonempty
compact space.

Proof. Since R* is proper, it follows that A/R# # () and therefore Kr # 0. It
remains to prove that Kg is a closed subset in Char (A). Take a net {¢,} in Kr
which tends to ¢ € Char (A). If ¢ ¢ Kg, then ¢ (z) = 0 for a certain x € R. Note
that x—¢, (z) € ker (p,) and ker (p,)NR¥ = ) (see Lemma 4.1). Thus {z — ¢, (z)}
is a net in the closed set A\R* and it tends to x. Consequently, z € A\R# and
thereupon x ¢ R, a contradiction. Thus ¢ € Kr and K is closed in Char (A4). O



354 Dosiev IEOT

Now let a = (a1, ...,ar) € A¥ be a k-tuple in A. It determines a continuous
mapping

@=(a1,....,ax): Kr = C*, a(p)=¢™ (a) = (p(a1),...,¢(ar)).

Actually, it is the restriction to K of the continuous mapping @ : Char (4) — CF,
@ (p) = ¢™® (a) determined by the Gelfand transform. Put

7r (a) = im (a),

which is a nonempty compact subset in C* thanks to Lemma 5.1.

Lemma 5.2. Let a € A* and let z € R(A)". Then g (a+ ) = r (a).
Proof. Note that T (p) = 0 for all ¢ € Kgr. Then 7g(a+ ) = im (m) =
im (a4 ) = im (a) = 7x (a). O

Proposition 5.3. Let R be a regularity in a Banach algebra A whose envelope is
open and proper. Then the correspondence Tr over all tuples in A is a subspectrum
on A. Moreover, R,, = R* and Rad,, A = R (A).

Proof. Take a k-tuple a in A, and m-tuple p(e) in §x (€). Then p(a) is a m-tuple
in A and

p(a)(9) =™ (p(a) = (¢ (1 (@)@ (P (0))) = (P @(#)) -, P (@ ()
=p(a(y)).
Therefore
7 (p(a) = im (p(a)) = p(im @) = p(7x (a),
that is, (3.1) holds. Further,
R;,,={a€A:0¢1r(a)}={acA:a(p) #0,p€ Kp}
={a€A:p(a)£0,pce Kr}={a€A:aé¢ker(p),p € Kg}
= A\ {ker (¢) : ¢ € Kn} = R,

that is, R,, = R*.
Finally,

Rad,,A={acA:1r(a)={0}} ={a€A:¢(a)=0,0 € Kr}
=({ker () : p € Kr} = R(4),
that is, R (A) = Rad., A. O

By Lemma 3.1, Corollary 4.9 and Proposition 5.3, infer that A/R(A) is a
commutative semisimple Banach algebra. The mapping

T:A—C(Kgr), T(a)=a, a(p)=¢la),
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is a contractive homomorphism. Evidently, ker (T)) = R (A) and it can be factored
as a composition of the quotient mapping A — A/R(A) and a contractive ho-
momorphism A/R(A) — C(KRg) (see Lemma 5.2). Denote the range of T' by B,
which is a unital subalgebra in C (Kg).

Lemma 5.4. T (R#) = BN G (C(KRg)).

Proof. If a € R¥, then @ () = ¢ (a) # 0 for all p € Kg, that is, the function @ is
invertible in C (Kg). Conversely, if @ is invertible in C (Kg), then ¢ (a) # 0 for all
¢ € Kp. It follows that 0 ¢ 7 (a), that is, a € R.,. Using Proposition 5.3, infer
that @ € R#. Thus T (R*) = BN G (C (Kg)). O

For a k-tuple @ in B we set
Yr@) ={ eC":B@-NnNG(C(Kg)=0}.
Note that g is a subspectrum on B (see (2.1)).
Lemma 5.5. If R is a reqularity in a unital Banach algebra A, then R* = R# +

R(A). In particular, if A(M) (respectively, (M) A) is the left ideal (respectively,
right) in A generated by a subset M C A, then A (M)NR* = () iff (M) ANR* = ().

Proof. If a + = ¢ R¥ for some a € R* and # € R(A), then ¢ (a+x) = 0
for some ¢ € Kpr thanks to (5.1). Thereby ¢ (a) = 0, that is, a € A/R#. So,
R* = R* + R(A).
Now let M be a subset in A such that A(M)N R#* = (). Then
(MYACAM)+[A M CA(M)+ R(A)

(see Corollary 4.9). If x € (M) AN R#, then z = y + z for some y € A (M) and
z € R(A). It follows that y = x — z € R* + R(A) = R¥, a contradiction. O

Lemma 5.6. If ¢ is a yr-singular functional on B, then A(a) N R* = () for any
tuple a in ker (oT).

Proof. If a is a k-tuple in ker (©T'), then so is @ in ker (). Being ¢ a yg-singular,
we obtain that 0 € g (@), that is, B(a) N G(C(Kg)) = (0. The latter in turn
implies that A (a) N R# =0, for T (A(a) N R#) = B(a) NG (C(Kg)) thanks to
Lemmas 5.4 and 5.5. O

Now let R be a regularity in a unital Banach algebra A whose envelope R#
is open and proper. By a Harte type spectrum or associated with R we mean a
set-valued function over all tuples in A determined by the rule

UR(a)z{/\E(Ck:A(a—/\)ﬁR#ZQ}
for a k-tuple a in A. Using Lemma 4.1, we deduce that
op# (@) = {AeCF: A(a—N)NR¥* =0}
={ eC": A(a—A)NR* =0}

:aR(a).
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Furthermore, the left ideal A (a — \) generated by a — A in the definition of o (a)
can be replaced with the right one as follows from Lemma 5.5. If R = G (A) the
set or (a) is the known [13, 1.8.1] Harte spectrum of the tuple a.

Theorem 5.7. Let R be a regularity in a Banach algebra A whose envelope R¥ is
open and proper. Then

or (a) =g (a)
for any k-tuple a in A. In particular, or is a subspectrum on A. Moreover,

R, = R* and Rad,, A= R(A).

Proof. Take @ (p) € Tr (a), where ¢ € Kp. Since ¢ is a character of A, it follows
that A (a —a(p)) C ker (¢). Therefore A (a —a(p)) N R¥ = (), that is, @ (p) €
or (a). Hence 7r (a) C o (a). Conversely, assume that 0 € og (a). Then A (a) N
R# = (). Using Lemmas 5.4 and 5.5, we infer that B (@) NG (C (Kg)) = (). Whence

0 € vg (@). Since g is a subspectrum on B, we deduce that 0 € yr 3) for any

tuple in the subspace in B generated by a. Thus the subspace generated by a
is yg-singular. Using Proposition 3.7, we obtain that @ is a tuple in ker (¢) for
some yg-singular functional ¢ € B*. According to Lemma 5.6, A (b)) N R* = ()
for any tuple b in ker (¢), where ¢ = ¢T. In particular, ker (¢) N R = (. By
Theorem 4.5, one can assume that ¢ € Char (A4), that is, ¢ € Kg. Moreover, a
is a tuple in ker (¢). Therefore 0 = @ (¢) € Tr (a), that is, ogr (a) C 7 (a). Thus
O'R(a) :TR(Q).

It remains to apply Proposition 5.3. O

6. Slodkowski and Harte type spectra

In this section we compare various subspectra and investigate when a subspectrum
on a Banach algebra is reduced to the Harte type spectrum.
Let A be a unital Banach algebra. In Section 4, a correspondence

T— R,

between subspectra on A and regularities in A has been proposed. Further, in
Section 5, we have considered a correspondence

R — op

between regularities and Harte type spectra, which can regarded as a right inverse
of the first one, since R,, = R* by virtue of Theorem 5.7. Thus R,,, = R whenever
R#* = R.

Theorem 6.1. Let 7 be a subspectrum on a unital Banach algebra A. Then T C op._ .
Moreover, T = og for a reqularity R that has an open and proper envelope R¥* iff
each ¢ € Char (A) with ker (¢) N R =0 is a T-singular functional on A.
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Proof. Put Kr_ = {¢ € Char (A) : ker (¢) N R, = (0} and let a be a k-tuple in A.
By Theorem 5.7, or. (a) = 7, (a) =a (Kg,). Moreover,

A/RE = | J{ker (¢) : ¢ € Kg, }

thanks to Theorem 4.5. But R¥ = R, due to Proposition 4.4. Furthermore, on
account of Corollary 4.7, A\R, = |J{ker (¢) : ¢ € K;}, where K, C Kpg_ is the
subset of all 7-singular functionals. Using Corollary 4.8, infer that

r(@)={¢® (@):p ek} =a(K;) CA(Kr,) = or, (@),

that is, 7 C oR. .

Now assume that 7 = og for some regularity R in A that has an open and
proper envelope R#. Take ¢ € Kr. We want to prove that ¢ € KC,. If a is a k-tuple
in ker (¢), then

0= <,O(k) (a) =a(p) € Tr (a) = ogr (a) =7 (a)

by virtue of Theorem 5.7. Thus 0 € 7 (a) for each tuple a in ker (¢), that is, ¢ is
T-singular. Further, if ¢ € K;, then 0 € 7 (a) for each a € ker (¢). It follows that
0 € og(a), that is, A (a) N R* = (). In particular, a ¢ R. Thus ker () " R = 0,
which means that ¢ € Kg. Thus Kr = K.

Conversely, assume that I, = Kg. Then

or(a) =a(Kgr)=a(K;) = (a)
by virtue of Theorem 5.7 and Corollary 4.8. Thus o = 7. O
Note that the inclusion 7 C op, stated in Theorem 6.1 can be proper, that
is, there are Harte type spectrum o and subspectrum 7 with the same regularity
R (that is, R, = R) such that 7 # og. That can be characterized in terms of
characters. Consider a regularity R in A that has an open and proper envelope
R#. Then we have a nonempty compact subset Kz C Char (A) (see Lemma 5.1)

of all the og-singular functionals (see Theorem 5.7). For a closed subset K C K
we define its A-rationally convex hull in Char (A) as

K= {50 € Char (4) : ker () € | {ker (¢) : ¢ € K}}.

Note that |J{ker (¢): ¢ € K} C J{ker(¢):¢ € Kr} = A\R”. It follows that
ker (¢) N R = for all ¢ € K, that is, K C Kg. In terms of the Gelfand transform
we have

[N(z{goeChar(A):VxeA, x € ker (¢) = er{ka(gﬁ):qﬁeK}}
={peChar(A):Vze A, ZT(p)=0= 0€z(K)}

(see [15], [23]). Since R, = R, it follows that A\R = |J{ker (¢): ¢ € K} (see
Corollary 4.7). But

A\RZ_)A\R#:U{ker(gp):goeKR}.
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Therefore ker (¢) C |J{ker (¢) : ¢ € K.} for all ¢ € Kg. Thus

K:=Kpg (6.1)
for a subspectrum with the regularity R.

Theorem 6.2. Let R be a regularity in A that has an open and proper envelope
R#. Assume that IC is a nonempty closed subset in Kgr such that K= Kgr. Then
there is a subspectrum T on A such that Ry = R¥, K, =K and 7 C og. Namely,
7(a) =a(K) for a tuple a in A. Moreover, T # og iff K #Kg.

Proof. Evidently, the relation 7 (a) = @ (K) determines a subspectrum on A (see
the proof of Proposition 5.3). Moreover,

R,={acA:0¢7(a)} ={acA:0¢a(K)}
z{aeA:go(a);éO,goelC}:A\U{ker(go):<p€lC}

:A\U{ker(@;¢ek}:A\U{ker(¢);<peKR}
= R*.

By Theorem 6.1, 7 C op# = oR.

Now let us prove that K, = K. Clearly K C IC,.. Take ¢ € ;. So, ¢ is a
T-singular character. We shall show that ¢ belongs to the closure of K. Take a
neighborhood

Unie () = { & € Char (4): o [0 (01) — p (a)] <<

of ¢ in Char (A), where a = (ay,...,a;) is a k-tuple in A. Obviously, a — ¥ (a)
is a k-tuple in ker (¢). Therefore 0 € T (a — (k) (a)), which in turn implies that

o (a— o (@) =0

for some ¢ € K. Thus ¢¥) (a) = ¢® (a). It follows that ¢ € U, (p) N K for any
e. Taking into account that K is closed, infer that ¢ € K.

Finally, if K is a proper subset in Kg, then K, # Kpg, for K = I as we have
just proven. By Theorem 6.1, 7 # or. Conversely, if 7 # og, then 7 (a) # og (a)
for a k-tuple a in A. It follows that 0 € o (b) \7 (b) for a k-tuple b in A. According
to Theorem 5.7, b € ker ()" for some ¢ € K. But 0 ¢ 7 (b). It follows that ¢ is
not 7-singular, that is, ¢ ¢ IC;. Thereby ¢ ¢ K. O

Thus each regularity may generate a family of subspectra different from Harte
type spectrum. Let us illustrate this by an example.

Example. Let A be the algebra of all continuous functions on the closed ball

B(0,1) = {(z,w) eC?: |2 + | < 1}
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centered at the origin that are holomorphic on its interior, and let B (0, 1) be the
unit open ball in _(C2 centered at the origin. The algebra A furnished with the
uniform norm on B (0, 1) is a commutative semisimple Banach algebra. Moreover,

Char (A) = B(0,1).

Take a closed subset X CB (0,1) containing the topological (or Shilov) boundary
of B(0,1). Then K = B (0, 1). Indeed, first note that

B(0,1)\K CB(0,1)

by assumption. Take (z,w) € B (0,1). Prove that (z,w) € K. Assume that (z,w) ¢
K. Then (z,w) € B(0,1). If f(z,w) =0 for a function f € A, then f (29, wo) =
0 for some (z0,wo), |20> + |wo|> = 1, by the known property of holomorphic
functions. But (z0,wo) € K, therefore 0 € f (K). It follows that (z,w) € K. Thus
K = B (0,1). Further, demonstrate that if 7 is a subspectrum on A associated
with IC (see Theorem 6.2), then K is exactly the set of all 7-singular characters.
Indeed, take (a,b) € B (0,1) which is a 7-singular character. We have to prove that
(a,b) € K. It suffices to assume that (a,b) € B (0,1). Consider the polynomials

p(z,w)=z—a and ¢(z,w) =w—b.

Obviously, p (a,b) = q(a,b) = 0. Since (a,b) is a 7-singular character, it follows
that

0e7pq)={(w),q(zw): (sw) €KL}
Then p (20, wo) = ¢ (20, wp) = 0 for some (zg,wp) € K. Whence zg = a and wg = b,
or (a,b) = (z0,wo) € K.
The example can be modified by extending the boundary as in [18].

Now we apply Theorem 6.2 to demonstrate a difference between Slodkowski
and Harte type spectra. Let us start with simple assertions.

Lemma 6.3. Let o : A — B be a unital algebra homomorphism between unital
Banach algebras A and B, and let R be a reqularity in B. Then so is o' (R) and

a (R Ca! (R*).

In particular, o' (R#) is a regularity in A such that a™! (R#)# = ! (R#).
Moreover, if R has a proper envelope R* in B, then o' (R) has a proper envelope
too.

Proof. Take a,b € A. Then ab € a~! (R) iff a (ab) = a (a) a (b) € R which in turn
is possible (see Definition 4.2) iff both « (a),«a (b) € R, that is, a,b € a=! (R).
Further, take a € A\a~! (R#). Then a(a) ¢ R¥. So, ¥ (a(a)) = 0 for some
W € B*, ker () N R = (). It follows that a € ker () and ker (o) Na~! (R) = 0,
where ¢ = ¢a. Thus a ¢ a~' (R)* and therefore a=' (R)* C a1 (R#).
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Using Corollary 4.6, infer that R* is a regularity in B. Therefore a™! (R#)
is a regularity in A. Moreover, on account of the inclusion that we have just proven
and Lemma 4.1, we deduce that

o™ (R*) Cat (BF)' Ca™! (BFF) = a7t (RP),

that is, =" (R#)# = o~ (R¥).
Finally, if R# # B, then 0 ¢ R¥ and therefore 0 ¢ a~! (R#). Since
a L (R)* Cat (R#), it follows that a™* (R)* is proper. O

Corollary 6.4. (see [15, Proposition 3.3 |) If a« : A — B is a bounded algebra
homomorphism and R is a regularity in B such that R = R#* is open, then
a ' (R)=a! (R)# is an open regularity too.

Now assume that A is a unital Banach algebra such that its attendant Lie
algebra Ay, is nilpotent, and let @ : A — B(X) be a unital bounded algebra
homomorphism, that is, a bounded representation of A on the Banach space X.
Put

Ry =a ' (G (B(X))). (6.2)
If B is the closure of the inverse closed envelope of the nilpotent Lie algebra a(A)
in B(X), then B is an inverse closed Banach algebra, which is commutative modulo
its Jacobson radical thanks to Turovskii’s lemma. By Lemma 4.3, the set G (B) is
a regularity in B and G (B) = G (B)¥. Furthermore, R, = a~}(B N G(B(X)) =
a~Y(G(B)). Using Lemma 6.3 and Corollary 6.4, infer that R, is a regularity in
A such that R, = R¥ is an open proper subset in A.

If a is a s-tuple in A, then the Lie subalgebra £ (a) in Ay, generated by a
is nilpotent. Being a finitely generated nilpotent Lie algebra, £ (a) has a finite
dimension. In particular, if p(e) € Fr(e)™ is a m-tuple of polynomials, then
£(p(a)) is a finite dimensional nilpotent Lie subalgebra in Aj;,. Consider a unital
bounded representation o : A — B (X) and a s-tuple a in A. Then 7|g(,) : £(a) —
B (X) is a Lie representation. Using the Koszul complex generated by the £ (a)-
module (X , 7 g(a)), it is defined a family of Slodkowski spectra

{ork(a),05k (a): k> 0}
(see [8]), which are compact subsets in C* (see [3]). So, we have a family
S ={ork 05k :k>0}
of set-valued functions over all tuples in A.
Proposition 6.5. Fach 7 € & is a subspectrum on A.

Proof. Fix a s-tuple a in A and let A (£ (a)) be the associative subalgebra in A
generated by the nilpotent Lie algebra £ (a). The algebra A (£ (a)) furnished with
the finest locally convex topology is dominating over the module (X, 7|g(q)) in the
sense of [8, Definition 4], we write

A(E(a)) - (X,7T|2(a)) .
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Taking into account that A (£ (a)) is comprising polynomials in elements of £ (a),
we may apply the noncommutative spectral mapping theorems from [8]. As we
have confirmed above each tuple p(a) in A (£ (a)) generates a finite-dimensional
nilpotent Lie subalgebra £ (p (a)), therefore

7(p(a)) =p(7(a))
for all 7 € &, due to [8, Propostion 6 and Corollary 8]. Thus 7 is a subspectrum
on A. O

Take 7 € & and « € A. Then 7 (x) = o (a (z)) for all k& > 1. Therefore
R.={xcAd:0¢7(x)}={x€A:0¢0(x(x))}
={reA:a)eGB(X))}=a""(G(B(X))
= Ra
(see (6.2)). Thus R, = R, for all 7 € &. By Theorem 6.1, 7 C og,. Moreover,
using Corollary 4.8, infer that 7 (a) = {¢(®) (a) : ¢ € K. }. Therefore K, = Kg,
by (6.1). In particular, we have a chain

KoCKiC- CKnyCKup1 C--

of increasing compact subsets in Kpr_ such that Kn=K R, for all n > 0, where
Kn = Ks,.,,. The known [16] example by Z. Slodkowski shows that spectra o ,, are
different for a Hilbert space representation a of a commutative Banach algebra.
So, if 0., # O nt1, then K, # K41 and KC;, turns out to be a nonempty proper
closed subset in Kr_ such that Kn=K R,, by virtue of Theorem 6.2.

Finally, let us consider the Taylor spectrum o7 which is defined as

or(a) =0xn(a)

if a is a n-tuple in A. By Proposition 6.5, o is a subspectrum on A, therefore
oz (a) = {¢") (a) : 9 € Ko }

where K., is a closed subset in Kp_ such that IE:T = Kg_. Moreover, IC,, C ICs,.
for all n. But again K, may be a proper subset of Kr_ as shows the example in
[2] by R. Berntzen and A. Soltysiak. Namely, there are commuting Banach space
operators a,b € B(X) such that og(s(x)) (a,b) is not contained in or (a,b). If A
is the closed unital associative subalgebra in B (X) generated by a and b, and « is
the identical representation A — B (X), then

ocB(x)) (a,b) C oancBx) (a,b).
Therefore o4nq(B(x)) (a,b) is not contained in or (a,b). Thus Ky, is a proper
closed subset in Kp,_, such that K., = Kg,, .

We end the paper by proposing an example of a noncommutative Banach al-
gebra A with its nilpotent attendant Lie algebra Aj;,. That will demonstrate a gap
between commutative and noncommutative cases. For the sake of generality, we
consider the case of an Arens-Michael (locally multiplicatively associative) algebra
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reducing it to a Banach algebra. Fix a Heisenberg algebra g with its generators
e1,ea, e (see Section 2). Thus [e1, ea] = e3 and [e;, e3] = 0 for all i. Let A be an
Arens-Michael algebra contained the Heisenberg algebra g as a Lie subalgebra (in
Apie) and the associative subalgebra in A generated by g is dense in it. If U/ (g) is
the universal enveloping algebra of g, then the canonical embedding ¢ : g — A is
extended up to a canonical algebra homomorphism 7 : U (g) — A with the dense
range.

Proposition 6.6. Ifker () # {0}, then es is a nilpotent element in A. In particular,
Ayie s a nilpotent Lie algebra.

Proof. Let C =im (7). By assumption, C is a dense subalgebra in A. One can easily
verify that the k-th term C (k) of the lower central series of the Lie subalgebra Cii,

lie
is contained in Cef, k € N. Moreover, AE{? is included into the closure C[(ilz). To
establish that Ay, is nilpotent, it suffices to prove that es is nilpotent in A.

Let {||||, : v € A} be a family of multiplicative seminorms on A defining
its locally convex topology and let I, = {a € A: ||a]|, = 0}. Then I, is a two-
sided ideal in A and A/I, is a normed algebra with respect to the quotient norm
induced by |-||,. Let A, be its norm-completion. The family of Banach algebras
{A,} generates an inverse system and its inverse limit is topologically isomorphic
to A [12, 5.2.17]. Tt is obvious that the associative subalgebra in A, generated
by the nilpotent Lie subalgebra , (g) is dense in A,, where 7, : A — A, is
the canonical map, v € A. By Turovskii’s lemma, A, is commutative modulo its
Jacobson radical, thereupon , (e3) is a quasinilpotent element in A,. On that
account we conclude that o (e3) = {0}, for

o (es) = | o (m (e3)

veEA

(see [12, 5.2.12]). To prove that es is nilpotent, one suffices to demonstrate that
g (e3) = 0 for a certain nonzero polynomial g (z) of one complex variable z [11,
Problem 97].

By assumption 7 (p) = 0 for some nonzero p € U (g). By Poincare-Birkhoff-
Witt theorem,

n
P=>_ Pmler,e2)ey
m=0

for some polynomials p,, = pm, (2, w) in two complex variables. Assume that
i = max {deg (pm )}, where deg (p,) is the degree (maximum of the homogeneous
degrees) of py,. Put i = deg (pm,) = - -+ = deg (pm,) for some m;, 0 <my < --- <
ms < n. Consider the polynomial p,,,. Then

Py (€1,€2) = Ny €€l ¥ + g, (e1,€2)
such that Mg, # 0 and g, (z,w) is a polynomial without the monomial z¥w=*,
for some k. Let A, be the coefficient of 2wk in Pm; (2,w), 2 < j < 5. So
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Dm, (€1,€2) = /\kmje’feé_k + qm, (e1,e2), where ¢,,,; (2, w) is a polynomial without

2wk, Consider a linear operator

Tig = (—1)" (ade2)" (ader) ™" - U (g) — U (g) -
Note that

s T s T slt! s—k _t—i+k _i+r
Tu (eieaes) =i (ciea) ¢ = (s —k)(t—i+ k)!el e et
(here we have assumed that e;? = 0, p = 1,2, ¢ € N), thereby T; s, (ejebe}) # 0
only when s > k and t > ¢ — k. It follows that

Ti ke (Pm, (e1,€2)) = Tie (Mem,e¥es ™) + Tyt (qm, (e1,€2)) = Nom, Tike (eFes )
= k! (i — k) N, €5,
for all j, 1 <j <s. Thus

T%’k (p) - ZTi’k (pmj (61’62)) e;nj = k! (Z - k)‘ Z)\kmj e?_mj.
Jj=1

J=1

We set ¢ = k(i — k) 3752 Ak, es™™ , which is a nonzero polynomial in U (g).
Prove that ¢ (e3) = 0 in A. Being a two-sided ideal in U (g), the subspace ker (7) C
U (g) is invariant with respect to the operator T; . With p € ker (z) in mind, infer
that ¢ = T; 1 (p) € ker (7). Therefore g(e3) = 7(gq) = 0. Thus ez is a nilpotent
element in A. It follows that Ay, is a nilpotent Lie algebra. O

The assertion stated in Proposition 6.6 can be proved for arbitrary nilpotent
Lie algebra. If A is a closed associative envelope of a finite-dimensional nilpotent
Lie algebra g and all elements from [g, g] are nilpotent in A, then Ay, is nilpotent.
We omit the details.
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