80 CHAPTER 1 FUNCTIONS AND LIMITS !

m Exercises

1. Use the given graph of f to find a number & such that ] 5 Usea graph to find a number § such that
it lx- 1] < then |7 = 1] <02 if x~§ < then [tanx — 1] < 0.2
y
Al 6. Usea graph to find a number & such that
1.2
2
L i if  Jx—1/<8 then 04 <01
0.8 } x°+ 4
|
: A4 1. For the limit
I
! lirx;(x3~3x+4)=6
0 07 111 x ‘
illustrate Definition 2 by finding values of & that correspond to
2. Use the given graph of f to find a number & such that £¢=0zZande =01
r". . .
it 0<|y—3]<8 then |f(x) - 2| <05 ] 8. Forthe limit
i 4x + 1 45
im—— =4,
Y . : e 3x — 4
2.5 illustrate Definition 2 by finding values of & that correspond to
T e =0S5and e = 0.1.
L5 II A 9. Given that lim,. > tan’x = o, illustrate Definition 6 by
finding values of & that correspond to (a)M = 1000 and
f
II (b) M = 10,000.
0 26 3 28 > A 10. Use a graph to find a number 8 such that
2
. X
3. Use the given graph of f(x) = v/x to find a number & such that if  5<x<5+8 then I— > 100
if  Jx—4/<8&  then [Vx = 2] <04 1. A machinist is required to manufacture a circular metal disk
with area 1000 cm?
y _ (a) What radius produces such a disk?
24 ITVX (b) If the machinist is allowed an error tolerance of +5 cm?
P I in the area of the disk, how close to the ideal radius in
1.6 ]' part (a) must the machinist control the radius?
| (c) In terms of the &, 8 definition of lim,_., f{x) =L, what
! is x? What is f(x}? What is ? What is L.? What value of &
0 ? 4 ? X is given? What is the corresponding value of §?

12 A crystal growth furnace is used in research to determine how
4. Use the given graph of f(x) = x? to find a number & such that best to manufacture crystals used in electronic components for
the space shuttle. For proper growth of the crystal, the tempera-
ture must be controlled accurately by adjusting the input power.
Suppose the relationship is given by

y
T ) T(w) = 0.1w> + 2.155w + 20

if  |x-1/<8& then |x2-1|<!

where T is the temperature in degrees Celsius and w is the

power input in watts.

() How much power is needed to maintain the temperature
at 200°C?

(b) If the temperature is allowed to vary from 200°C by up
to =1°C, what range of wattage is allowed for the input
power?

% Graphing calculator or computer required @_S! Computer algebra systen required 1. Homework Hints available at stewartcalculus.com




(c) In terms of the &, 8§ definition of lim, ., f(x) = L, what
is x? What is f(x)? What is a? What is L? What value of

g is given? What is the corresponding value of 6?7

13. (a) Find a number 8 such that if | x — 2] < §, then
[4x — 8| < &, where & = O.1.
(b) Repeat part (a) with & = 0.01.

14. Given that lim,_.,(5x — 7) = 3, illustrate Definition 2 by
finding values of 6 that correspond to ¢ = 0.1, ¢ = 0.05,
and ¢ = 0.01.

15-18 Prove the statement using the e, & definition of a limit and

illustrate with a diagram like Figure 9.

16. lim (3x +3) =2

x——2

15, lim (2x + 3) = 5

17. ’Iir{xg (1 —4x)=13 18. ,linjz (Bx+5)=~1

19-32 Prove the statement using the &, & definition of a limit.

2+ 4
19, lim = o2 20. lim (3 — fx) = =5

x> x—10

2+ x—6 9 —4x?
2N lim—2r 2 =5 2 lim — =6
= x =2 s—-15 3 + 2x

23. limx=aq 24, limc=c¢

x-a x—a

25 limx* =0 26. limx’=0

x—0 x—0

27. lim x| =0 28. lim 6 +x =0

x—0 x——6%

28, litr%(xz—4x+5)= 1 30. l_in%(x2+2x~7)=1

. ’liirpz (x2—1)=3 32. limx®*=8§

x—2

. Verify that another possible choice of & for showing that
lim,_;x?> = 9 in Example 4 is § = min{2, &/8}.

. Verity, by a geometric argument, that the largest pos-
sible choice of & for showing that lim,..; x* = 9 is

6=.9+¢e —3.

[cAS] 35, (a) For the limit lim,, (x> + x + 1) = 3, use a graph to
find a value of & that corresponds to & = 0.4.

it | Continuity

SECTION 1.8 CONTINUITY 81

(b) By using a computer algebra system to solve the cubic
equation x* + x + 1 = 3 + ¢, find the largest possible
value of & that works for any given £ > 0.

(c) Put e = 0.4 in your answer to part (b) and compare with
your answer to part (a).

i 1
. Prove that lim — = >

x—2 X

. Prove that lim /x = g ifa > 0.

x—a

[Hint: Use|vx — va |= H}

. If H is the Heaviside function defined in Example 6 in Sec-

tion 1.5, prove, using Definition 2, that lim, .o H(f) does not
exist. [Hint: Use an indirect proof as follows. Suppose that
the limit is . Take & = 3 in the definition of a limit and try
to arrive at a contradiction.]

. If the function f is defined by

0 if xis rational
flx) = L
1 if xis 1r1agonal

prove that lim, o f(x) does not exist.

. By comparing Definitions 2, 3, and 4, prove Theorem 1 in

Section 1.6.

. How close to —3 do we have to take x so that

1
— > 10,000
x + 3)*

) .. . 1
. Prove, using Definition 6, that lim ————— = o

x—>=3 (x + 3)4

. Prove that lim ““5%_ = —

= (x + 1)?

. Suppose that lim,_., f{x) = « and lim, ., g(x) = ¢, where ¢

is a real number. Prove each statement.
@ fim [() + g(x)] ==

(o) Lim [f(x)g()] = if ¢ >0

(© lim [£(1)g(] = ~= i ¢ <0

We noticed in Section 1.6 that the limit of a function as x approaches a can often be found
simply by calculating the value of the function at a. Functions with this property are called
continuous at a. We will see that the mathematical definition of continuity corresponds
closely with the meaning of the word conrinuity in everyday language. (A continuous
process is one that takes place gradually, without interruption or abrupt change.)




