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Show your work! No calculators! Please draw a around your answers!

Please do not write on your desk!
1.(10410=20 pts) (a) Find all solutions of the differential equatlon &
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(b} Suppose that a, b are real numbers and a > 0. Show that every solution of the differential

equation
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2.(20 pts} Solve the initial value problem
dr + (—$~ —sinyjdy =0, y(2)=x/2
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3.(10+10=20 pts) (a) Show that the substitution v = y?/z converts any differential equation
of the form
dy 1 .47
dv y o x
into a separable dlﬁerentlal equation. §
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(b} Find all solutions of the equation
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4.(8+48+445=25 pts) An object having an initial temperature of 25°C is placed in a medium
(room, or a container filled with Hquid, etc.) which has the same initial ambient temperature.
The ambient temperature of the medium is raised linearly from 25°C to 30°C in 5 minutes (in
other words, it is given by the function 25 + ¢ for 0 < ¢ < 5}. According to Newton’s law of
cooling, the rate of change of the temperature of the object is proportional to the difference
between its temperature and the ambient temperature (with a proportionality constant —k
where &k > 0 depends on the properties of the medium).

(a) Write an initial value problem that describes the situation.
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(b} Find the temperature 7'(¢) for 0 <t <5 in terms of k¥ by solving the initial value problem

in part {a). _ N | et
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(c) Find lim 7(5) and lim T(5). Shee | = =
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(d} (Bonus) The case k = 0 is a medium with perfect isolation and the case & = oo is a
medium with perfect heat conduction. How do your results in part (c) agree with your physical

intuition? X ,
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5.(6+10+4=20 pts) Consider the initial value problem
t4
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where yo > 0.

(a) Show that the conditions of the Existence and Uniqueness Theorem are satisfied, so this

initial value problem has a unigue solution. { y
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(b} Find the solution of the initial value problem and determine its domain (the answer will

depend on yp).
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(c) Show that the domain of the solution is never {1, 00) for any value of yg.
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