SECTION 14.2 LIMITS AND CONTINUITY 923

is a rational function of three variables and so is continuous at every point in R* except
where x* + y? + z? = 1. In other words, it is discontinuous on the sphere with center the
origin and radius 1.

If we use the vector notation introduced at the end of Section 14.1, then we can write the
definitions of a limit for functions of two or three variables in a single compact form as
follows. '

@ If f is defined on a subset D of R”, then lim,., f(x) = L means that for
every number & > 0 there is a corresponding number 6 > 0 such that

if xeD and 0<|x—a|<d then |f(x)—L|[<e

Notice that if n = 1, then x = x and a = a, and is just the definition of a limit for
functions of a single variable. For the case n = 2, we have x = (x,y), a= (a, b),
and |x —a| =+/(x —a)? + (y — b)?, s0 [5] becomes Definition I. If n =3, then
x = (x,y,z),a = (a, b, ¢), and [5] becomes the definition of a limit of a function of three
variables. In each case the definition of continuity can be written as

lim £() = /(a)

Exercises

. Suppose that lim,, »—, 1y f(x, y) = 6. What can you say lim o8y 12 Lim _QM_
about the value of £(3, 1)? What if f is continuous? (0.0 357 + y? oo (= 17 +

Xy cos y

), Explain why each function is continuous or discontinuous. , xy , f oyt
(a) The outdoor temperature as a function of longitude, ) (,x,)}gl(lo, 0 Jx? + y? 14 (x, ,y])gr(lo, o x? + y?
latitude, and time
_ (b) Elevation (height above sea level) as a function of
longitude, latitude, and time
(¢) The cost of a taxi ride as a function of distance traveled X2+ y? xy

g . lim 18. lim ——
o e oo EE 11 o 7 4
Use a table of numerical values of f(x, y) for (x, y) near the .
in to make a conjecture about the value of the limit of f{x, y) 590,17
%, ¥) — (0, 0). Then explain why your guess is correct.

lim X ye lim /\ Sln y
" -0 x* + 4y’ e >H<O o x? + 2y°

4

e 'tan(xz)

xy + yz
2.3 3.2 ) lim —_
Xy Xyt =S 5 flxy) = 2xy 390,00 X2 + y? F 22

2 —xy X+ 2y° ) xy + yz* + xz’
, 20,000 x° + y “+ 7z
2 Find the limit, if it exists, or show that the limit does i yz
exist. e z)lﬁn(l(w,o) x2+ 4y2 + 97°

3‘ f(xs ,Y) =

S5x% — 6. fim e cos(x +
(x, ))~> 1,2) ( * * y ) (%, L(I,*I) € © ( y)

2 23-24 Use a computer graph of the function to explain why the
) limit does not exist.

> 4 —x . 1+y
lim ——2 8 lim In|5——
EN—-21) x2 4+ 3y (x50 —(1,0) x-+ xy
2x? + 3xy + 4y? . xy?

4 4y? 23. Iim — 24. im -
4y 10. w 0 3x% 4 Sy’ =00 x2 + y°

lim — fin
)~0.0 x? + 2y* (, oe(o o 2x% -+ y?

raphing calculator or compiiter required 1. Homework Hints available at stewartcalculus.com
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25-26 Find A(x, y) = g(f(x, y)) and the set on which # is

continuous.

B.og=+t, fx,y)=2x+3y—-6 as {x, y) = (0,0).]

];
26. g(t) =1+ Int ,Y) =
o) =1+ Int, flxy) = 7o

39-41 Use polar coordinates to find the limit. [If (+, g)
polar coordinates of the point (x, y) with = 0, note tha

/\‘34—)13

xy 39. im
o) 9—0,0 x? + y?
y

40. 2+ 92y In(x* + y?
o Jim (x4 y ) In(x* + y?)

’

27-28 Graph the function and observe where it is discontinuous. P
. ; ., - Ly R ¥ — 5
Then use the formula to explain what you have observed. G )_)}1}(1& 0 X+
20. flxy) = e B f(ry) = ——— i
I —x"—y

¥ 42. At the beginning of this section we considered the f;

29-38 Determine the set of points at which the function is fley) = .

continuous. ~
_xy . and guessed that f(x, y) — | as (x, y) — (0, 0) on ¢t

2. F(x, y) = 1+ e 30. Flx,y) = cosy/1 +x —y of numerical evidence. Use polar coordinates to confiy

1+ x4+ y?

e+ e 7 . N .
3. Flx,y) = . 3 5 32. Hix,y) = 1 /19 43. Graph and discuss the continuity of the function
— Xy o —
8. Glx,y) = In(x” + y* — 4) SINXY iy 20
. G(x, y) = In(x -~ _ Smnxy
> Y Sy =4 ay
34. G(x,y) = tan ((x + y)7?) 1 if xy =0
44, et
35. f(x, v, z) = arcsin(x® + y* + z?) © )
Flny) 0 ifys0 or y=uxt
Xy = cp
3. f(x,y,z2) =+y—x*Inz 1if o<y <y
2y (a) Show that f(x, y) — 0 as (x, y} — (0, 0) along a
37 Y e if (x,y) # (0, 0) through (0, 0) of the form y = mx“ with a < 4 ;
fly) = * Y ) (b) Despite part (a), show that f is discontinuous at |
1 if (x,y)=(0,0) (c) Show that f is discontinuous on two entire curve
xy 45. Show that the function f given by f(x) = | x|is con
i (1) # (0,0 " [Hint: Consi —alf=(x-a) &
B flx,y) =] 2+ xy )7 if (x,y) #(0,0) onR".  [Hint: Consider |x — a] (x—a):(x
0 if (x,y) = (0,0) 46. If ¢ € V,, show that the function f given by f(x)

sin{x* + y?)

value of the limit. Then graph the function.

continuous on R”.

m Partial Derivatives

On a hot day, extreme humidity makes us think the temperature is higher than
is, whereas in very dry air we perceive the temperature to be lower than the therm
indicates. The Meteorological Service of Canada has devised the humidex (or temp
humidity index) to describe the combined effects of temperature and humidity. The
1 is the perceived air temperature when the actual temperature is 7 and the relative
ity is H. So I is a function of T and H and we can write I = (T, H). The following
values of / is an excerpt from a table compiled by the Meteorological Service.



